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» BAI €. BIEU THU’C TOA PO CUA CAC PHEP TOAN VECTO'

@). Tom tat Kién thirc

@. BIEU TH(’C TOA PO CUA PHEP CONG HAI VECTO, PHEP TRU HAI VECTO, PHEP NHAN
MOT SO VO1 MOT VECTO'

m

Trong khong gian Oxyz, cho hai vecto d = (x;y;z) vab = (x';y';z"). Ta c6:

+bh=(x+x;y+y;z+2);

Q

Qu

_B = (x—x';y—y';Z—Z’);
kd = (kx; ky; kz) véi k 1a mot sé thuc.
Trong khong gian Oxyz, cho ba diém khong thang hang A(x4; ya; z4), B(xg; Vg; zg) va

C(xc, Ve Zc). Khi dé

)

Xa+XB  Yat+YB | ZA+ZB)

Toa do trung di€ém cia doan thang AB 1a ( T i

) . ) ., \ (Xatxp+xc Ya+typ+Yc ZatzZp+z
Toa do trong tam cua tam giac ABC la( 4 33 C;y 3B £ 3B C).

@. BIEU TH(’C TOA PO CUA TiCH VO HUONG

S

<

&

Trong khong gian Oxyz, tich vd hwéng cta hai vecto a = (x; y; z) va b= (x; y'; z") dwoc xac

dinh bé&i cong thirc:

—

a-b=xx"+yy' +zz

Chu y: Néu A(xy; y4; 24) va B(xg; Vg; Zg)

thi AB = |E| = \/(xB —x0)% + (yp —ya)? + (25 — 24)%

Dic biét, khi B trung O ta nhan dugc cong thirc 0A = /x2 + y2 + z3.




(B). Phan dang toan co' ban

+Dang @: Bi¢u thirc toa dd ciia tong, hi¢u hai vecto, tich ciia mét s6 véi mot vecto
=Cac vi du minh hoa

Cau 1: Trong khong gian Oxyz, cho hai vecto d = (2;1;5) va b= (2;2;1). Tim toa o cia moi
vecto sau:

a)d—b; b) 3d + 2b.

Loi giai
AVid=(21;5vab=(221)nénd—b=(2-2;1-2;5-1) = (0;—1;4).
b)Taco3d = (3-2;3-1;3-5) = (6;3;15)va2b = (2-2;2-2;2- 1) = (4;4; 2).
*Dodd3d+2b=(6+4;3+4;15 + 2) = (10;7; 17).

Cau 2: Trong khong gian Oxyz, cho ba vecto p = (3; —2;1),q = (6; —4;2),7 = (2; 1; =3).
a) Tim toa do cua vecto ¢ = 2p — 3¢ + 7.
b) Tim hai vecto cung phuong trong cac vecto da cho.

Loi giai
a) Taco: 2p = (6; —4;2),—3G = (—18;12;—6),7 = (2;1; —3).
eSuyrad=2p—3q+7=(-10;9;-7).

b) Tacé 2p = (6; —4; 2) = g, suy ra hai vecto p, § cung phuong.

* Do % * _TZ nén p, 7 khong cung phuong. Tuong tu, hai vecto ¢, 7 khong cung phuong.

Cau3: Chod = (—2;3;2),b = (2;1; -1),& = (1; 2; 3). Tinh toa dé ciia mdi vecto sau:
a) 3a; b) 2d — b; c)d+25—§8.
Loi giai

* Taco:



a)3d = (3-(—2);3-3;3-2). Vay 3d = (—6;9; 6).
b) Taco 2d = (—4;6;4) vab = (2;1;—1). Dodé, 2d — b = (—4 — 2;6 — 1;4 — (—1)).
Vay 2d — b = (—6;5;5).

¢)Dod = (=2;3;2) va 2b = (4;2;~2) nén @ + 2b = (2;5; 0). Ngoai ra, vi —3¢ = (- 3;-3;-2)

nénd+25—§5= (1;2;—2).

+Dang @: Toa d) trung diém ciia doan thing, toa do trong tAim ciia tam giac
=~Cac vi du minh hoa
Cau 1: Trong khong gian Oxyz, cho ba diém A(1;2;3),B(3;2;1) va C(2;—1;5). Tim toa do trung
diém M cua doan thang AB va toa d6 trong tam G caa tam giac ABC.
Loi giai

N \ < A 5 2 A A ¥4 ~ (143 2+2 3+1
* Vi M la trung diém cua doan thang AB nén toa d¢ cua diem M la (T;T; T)’

¢ suyraM(2;2;2).

N N ~ B -y A A o 4 . (14342 242+(—1) 3+1+5
+ Vi G la trong tdm cua tam gidc ABC nén toa do cua diém G Ia( r 3( ), 3 )

*suyraG(2;1;3).

Cau 2: Cho tam gidc ABC c¢6 A(—2;1;0),B(0;2;5),C(5;0;2). Tim toa d§ trung diém M cua doan
thang AB va trong tdm G cua tam giac ABC.
Loi giai
* Do M (xp; yu; zu) 12 trung diém doan thang AB nén
-2+40 142

* Xy = = —-1; = _3'Z
M=, = iYm = 5" =35Zm

0+5 _

5
:

* Do G(xg; yg; z¢) la trong tdm tam giac ABC nén

* XG = 3 = 1,
14240
* ¢ = 3 = 1’
. __0+5+2 7
¢— 3 T3

*Vay 6 (1,1;2).



Cau 3: Cho tam giac ABC c6 A(1; —1;1),B(0;1;2),C(1;0;1). Tim toa do:
a) Trung diém M cua AB; b) Trong tdm G cua tam giac ABC.

Loi gidi
a) Toa d6 trung diém M cua doan thang AB la

140 —1+1 142

1 3
oM (55 hay M (550:3).
b) Toa d6 trong tam G cua tam giac ABC la

1+0+1 -1+4+14+0 1+4+2+1 2 4
’G( ; ; )hayG(—;O;—)
3 3 3 37’3

+Dang €): Biéu thirc toa do cta tich vé hwéng
#"Cac vi du minh hoa
Cau 1: Trong khong gian Oxyz, cho hai vecto d = (1;4;2) vab = (—4; 1;0).
a) Tinh @ - b va cho biét hai vecto @ va b ¢ vudng géc véi nhau hay khong.
b) Tinh d6 dai cua vecto a.
Loi giai
a)Tacé:d-b=1-(—4)+4-1+2-0=0.Do dé, hai vecto d@ va b vudng géc véi nhau.
b) o dai chavecto ala |a| = V12 + 42 + 22 = v21.

Cau 2: Cho hinh chép S. ABCD c6 day ABCD la hinh chit nhat va SA vudéng géc véi mat phang
(ABCD).Giastr SA = 2,AB = 3, AD = 4. Xét hé toa do Oxyz véi O trung A va cac tia Ox, 0y, 0z
lan lwot trung véi cac tia AB, AD, AS(H. 2.48).

a) Xac dinh toa do cua cac diém S, A, B, C, D.

b) Tinh BD va SC. ¢) Tinh (BD, SC).

(e
Hinh 2.48
5



Loi giai
a) Vi A trung gbc toa dé nén A(0; 0; 0). Vi B thudc tia Ox va AB = 3 nén B(3;0; 0). Vi D thudc tia
Oy va AD = 4 nén D(0; 4;0). Vi S thudc tia 0z va AS = 2 nén S(0; 0; 2). Vi hinh chiéu cta C 1én

cac truc Ox, Oy, Oz lan lwotla B, D, A nén C(3; 4; 0).

b) Tacé BD = (0 — 3;4 — 0;0 — 0) = (—3;4;0), suyra BD = |BD| = /(=3)2 + 42 + 02 = 5.

*Tac6SC = (3—0;4—0;0—2) = (3;4;—2),suyraSC = [SC| = /32 + 42 + (=2)% = v/29.

, == A\ _ BD-SC _ (-3)3+4-4+0-(-2) _ 7 SR A o
c) Taco cos (BD,SC) = BOI5E "ord =755 suyra (BD,SC) = 74,9°.

Cau 3: Chobavecto d = (3;0;1),b = (1;-1;-2),¢ = (2; 1; —1).
a) Tinhd - b, b - & b) Tinh |d|, |b|, cos (&, b).
¢) Chod = (1;7; —3). Chirng minh d L d.

Loi giai

a)Tacé:d-b=3-1+0-(-1)+1-(-2)=1;

*b-¢=1-2+(-1)-1+4(=2)-(-1) = 3.

b) Ta cé: |d] = V3T + 0% + 12 = VI0; |B| = y12 + (-D? + (-2)? = V6.

ab _ 1 V15

N
s cos(a,b)=—== =
(a,b) |d|-|b|] V106 30

¢)Tacéd-d=1-3+7-0+(-3)-1=0,suyrad L d.

+Dang @: U'ng dung thuc té

#"Cac vi du minh hoa

Cau 1: Trong khdng gian vai mot hé truc toa d6 cho trude (don vi do léy theo kilomét), ra da phat hién
mot chiéc may bay di chuyén véi van téc va hudng khong doi tir diém A(800; 500; 7) dén diém
B(940; 550; 8) trong 10 phat. Néu may bay tiép tuc giir nguyén van téc va huéng bay thi toa do cua
méy bay sau 5 phut tiép theo 1 gi?



A
Hinh 2 49
Loi giai

* Goi C(x; y; z) 1a vi tri cia may bay sau 5 phut tiép theo. Vi huéng cia may bay khong déi nén 4B va

BC cung hudng.

+ Do van tdc cua may bay khong ddi va thoi gian bay tir A &én B géap doi thoi gian bay tir B d¢én € nén
AB = 2BC.

* Do do BC =3 AB = (2220, 5500, 27) = (70;25;0,5).
x — 940 = 70
+ Mt khéc, BC = (x — 940;y — 550;z — 8) nén Jy — 550 = 25
z—8=0,5.
x = 1010
* Twrdé{y =575 vaviviy C(1010;575;8,5).
z=28,5

* Vay toa do cua may bay sau 5 phut tiép theo 1a (1010; 575; 8,5).

Cau 2: Hai chiéc kHinh khi cau bay Ién tir ciing mot dia diém. Chiéc tha nhat nam cach diém xuat phat
2 km vé phia nam va 1 km vé phia dong, dong thoi cach mat dat 0,5 km. Chiéc thir hai nam cach diém

xuat phat 1 km vé phia bac va 1,5 km Vé phia tay, dong thoi cach mit dat 0,8 km.

Chon hé truc toa do Oxyz véi gbc O dit tai diém xuat phét caa hai kHinh khi cau, mat phang (0xy)
triing voi mat dat véi truc Ox huéng vé phia nam, truc 0y huéng vé phia dong va truc Oz hudng thang

dung 1én troi (H.2.50), don vi do 1y theo kildmét.
a) Tim toa do cua mdi chiéc kHinh khi cau ddi véi hé toa do da chon.

b) Xac dinh khoang céch giira hai kHinh khi cau (Iam tron két qua dén chir s thap phan thir hai).



(H.2.50)
Loi gidi
a) Chiéc kHinh khi cau thir nhat va thi hai ¢6 toa do lan Iuot 12 (2; 1;0,5) va (—1; —1,5; 0,8).

b) Khoang céach giira hai chiéc kHinh khi cau la

J(=1-2)2+(=1,5—1)? + (0,8 — 0,5)? = /15,34 =~ 3,92( km).

Ciau 3: Trong Vi du 2, khinh khi cau thtr nhat hay thir hai ¢ xa diém xuat phat hon? Giai thich vi sao.

Loi gidi
* Theo Vi du 2 ta c6, khinh khi ciu thi nhit c6 toa do 12 A(2; 1;0,5),

+ khinh khi cau tha hai ¢6 toa do 14 B(—1; —1,5; 0,8).
V21

2

V389

+Taco: 04 =22 +1240,52 = —=km, 0B = /(=1)2 + (~1,5)2 + 0,8% = =— km

*+ Vi gbc O dit tai diém xuat phat va 0A > OB nén khinh khi cau thir hai gan diém xuat phat hon.

|‘ lDang toan ren luyén

+Dang @: Cau tric nghiém nhiéu phwong an Iwa chon

Céu 1: Trong khong gian v6i hé toa d6 Oxyz , cho hai diém A(3; -2, 3) va B (—1; 2 5) . Tim toa d6 trung

diém | cua doan thing AB.
A 1(-221). B. 1(30;4). C. 1(20;8). D. 1(2;-2;-1).



Loi giai

Chon B
Toa d6 trung diém | cua doan AB véi A(3;,-2;3) va B(-12;5) duoc tinh boi
x = XatXs _y
2

Y, :—yAZyB =0=1(L0;4).

L ZatZs _

! 5 4
Céu 2: Trong khong gian OXyz , cho hai diém A(LL-1) va B(2;3;2). Vécto AB c6toa do la
A. (1,2;3). B. (-1-2;3). C. (3,5:1). D. (3,41).
Loi giai
Chon A

Tacod AB=(12;3).

Cau 3: Trong khong gian véi hé truc toa d6 Oxyz, cho véc-to AO = 3( +4])— 2k +5] . Toa @0 cua

diém A la

A. (3;17;-2). B. (-3;-17;2). C. (3;-2;5). D. (3;5;-2).
Loi gii

Chon B

Ta c6: AO = 3(T+4])—2R +5]=31+12] -2k +5] =3 +17] — 2K .
Suy ra OA=-3i -17j +2k nén A(-3;-17;2).
Céau 4: Trong khong gian Oxyz , hinh chiéu vudng goc cta diém M (—1; 2,— 2) trén truc Oz 1a diém
A. H(0;0;-1). B. E(-1,2;0). C. F(0;0;-2). D. G(0;0;2).
Loi giai
Chon C
Hinh chiéu vudng géc cua diém M (-12;-2) trén truc Oz 1a diém F (0;0;-2)

Céiu 5: Trong khong gian v6i hé truc toa 46 Oxyz cho diém A(1;,2;4), B(3;4;2). Tim toa do diém M,
biét B 1a trung diém cua AM.

A. M (-10;6). B. M (2;2;-2). C. M (2;3,3). D. M (5;6;0).
Loi giai
Chon D "
B la trung diém cua AM nén ta co:
XB=XA+XM
2 Xy =2Xg — Xp Xy =2.3-1 Xy =5
+
sz% S Y =2Yg —Ya S Y =24-25 Yy =6.
2,42, Zy =225 —1Zp Zy =2.2-4 zy =0




Vay M (5;6;0)
Céu 6: Trong khong gian Oxyz , diém nao sau ddy thudc truc Oz ?
A. M(0;0;-2). B. M(1,2;0). C. M(30;2). D. M (%0;0).
Loi gidi
Chon A
biém M (0;0;-2) € Oz.
Cau 7: Trong khong gian OXyz , cho A(—ZL' 0;1) va B(l;—1;2) toa do véc to AB 1a
A. (2-11). B. (0;-1;-1). C. (-21-1). D. (0;-13)
Loi giai
Chon A
Toa do véc to E(Z;—l;l).
Cau 8: Trong khong gian OXyZ, cho hai diém A(1;2;0), B(~10;—2). Tim toa d¢ trung diém M cua
doan thang AB.
A M (-L-1-1). B. M (0;3,-1). C. M(0;2;-2). D. M (-2;-2;-2).
Loi giai
Chon B

Theo cong thurc toa do trung diém cua doan théng, taco M (0;1; —1).

Céu 9: Trong khong gian Oxyz, cho céc diém A(L2;0),B(-10;1),C(0;2;—1). Tinh do dai cua vecto

AB-2AC.

A. V21, B. 21. C. V13. D. 13.
Loi giai

Chon C

Taco AB=(-2,-21),AC =(-10;-1), AB-2AC =(0;-2;3).

Khi 6 49 dai ciia vecto AB—2AC la: [AB—2AC| = /07 +(-2)" +3* =13,

Cau 10: Trong khong gian véi hé truc toa do OXyz, cho ba diém A(L,-1;1),B(3;2;,-2),C(-3;,15). Tim

toa do diém M (x;y;z) thoa min MA—2AB =4CM . Khi do tong s=2,3. 2 bing
X y z
A. 6. B. -15. C.16. D. -13.

Loi giai
Chon D

10



1-x-22=4(x+3)
Taco MA-2AB=4CM = {-1-y-23=4(y-1) < y:—g.

1-z2-2.(-3)=4(z-5) 27

z1=—

5

Khi do6 S 214_%_&:_13.
-3 -3 27
Céu 11: Trong khong gian Oxyz, diém ddi xtmg cua A(1;2;3) qua mat phing (Oyz)la diém nao dudi day
A. Q(-123). B. N(1-2;3). C. P(12-3). D. M(3,-2;-3).
Loi gidi

Chon A
Néu H 1a hinh chiéu caa A(L2;3)1én (Oyz)thi H(0;2;3).Goi A'la diém ddi xtng cia A(L2;3)
qua mit phang (Oyz)thi H (0;2;3) 14 trung diém cua AA'. Do d6, ta c6

Xy = 2%, — X, Xy =2.0-1 Xy =—1
Ya=2Yy —Ya S 1Ya =22-2 1y, =2 = A'(-1,2;3)=Q(-12;3).
2, =22, -1, z, =23-3 Z, =3
Céu 12: Trong khong gian Oxyz , diém ddi xtmg voi diém M (4; —5;3) qua truc Oz c6 toa d6 la
A. (4;-5;-3). B. (—4;5;3). C. (—4;5;-3). D. (0;0;3).
Loi giai
Chon B

Hinh chiéu vudng géc cia diém M lén truc Oz 1a H(0;0;3)
Goi M'la diém dbi xing cta diém M qua truc Oz, khi d6 H 14 trung diém cia MM’

Suy ra M'(—4;5;3).

Cau 13: Trong khong gian cho Oxyz vecto oM =T—3] +4K . Goi M’ 14 hinh chiéu vudng goc cia M
trén mat phéng (Oxy) . Khi d6 toa d6 ctua diém M’ trong hé toa d§ Oxyz la
A. (L-34). B. (1,4;-3). C. (0;0;4). D. (1,-3,0).

Loi giai
Chon L o
Taco OM =i-3j+4k = M (1,-3;4).
M’ 14 hinh chiéu vudéng goc cia M trén mit phang (Oxy) =M '(1; -3, 0)
Céu 14: Trong khong gian Oxyz, cho hai diém A(-12;5), B(3;-6;3). Hinh chiéu vudng géc cua trung
diém | clia doan AB trén mit phang(Oyz) 1a diém nao duéi day?
A. P(3,0;0). B. N(3-15). C.M(0;-24).  D.Q(0;05).
Loi gidi
Chon C i
Toa d¢ trung diém | ciia doan AB - 1(1;,-2;4)

11



Toa d¢ hinh chiéu cua | mit phiang(Oyz): M (0;-2;4).
Céu 15: Trong khong gian Oxyz , hinh chiéu vudng géc ctia diém M (1;2;-3)1én mit phang (Oyz) cé

toa do la
A. (-1,2;-3). B. (0;2;-3). C. (1,0,0). D. (1,-2;3).

Loi giai

Chon B
Hinh chiéu vudng goc cua diém M (1; 2, —3) 1én mat phing (Oyz) co toa do la (0; 2, —3) .
Cau 16: Trong khong gian voi hé toa do OXyz, cho tam giac ABC c¢o trong tam G (—3;1; 4) va

A(L0;-1), B(2;3;5). Toa do diém C la

A. C(-6;2;0). B. C(4;2;-1) C. C(-12;0;8) D. C(3;-1-5)
Loi giai
Chon C
Goi C(x;y;2).
3 1+2+X
3 Xx=-12

Do G(—3;1;4) la trong tam tam giac ABC nén (1= 0+2+y <+<1yY=0 hay C(—12;O;8)
z=8

_ —1+5+z2

4
3

Cau 17: Trong khong gian OXyz , cho hai diém A(1;2;3), B(-2;-4;9). Diém M thudc doan thang AB
sao cho MA=2MB.P¢ dai doan thaing OM 1a:

A. 5. B. 3. C. V17, D. /54.
Loi giai

Chon D 7
biém M thudc doan thang AB va MA=2MB

Nén MA =-2MB
Xa — Xy =—2(Xg =Xy ) 1-Xy =—2(—2—Xy ) 3x,, =—3 X, =—1
SIYa— Y ="2(Ya—Yu) ©42-Vy =-2(-4-Yyy) ©13Yy =6 = yy =2
2, -2y =—2(25 - 2,) 3-2,=-2(9-2,) 3z, =21 Zy =1

=M (-1;-2;7).

D dai doan thing OM = /(-1)° +(-2)’ +7° =36 .
Céu 18: Trong khong gian Oxyz , hinh chiéu vudng goc cia diém M (5;—6;2) 1én mat phing (Oxz) c6

toa dd la
A. (0;-6;0). B. (5;0;2). C. (5;-6;0). D. (0;-6;2).

Loi giai

12



Chon B

Mit phing (Oxz) c6 phuong trinh Yy =0

Vay hinh chiéu vudng géc ctia diém M (5;—6;2) 1én mit phang (Oxz) c6 toa d¢ 14(5;0;2).
Cau 19: Trong khong gian voi hé truc toa do Oxyz, cho hai diém A(L-2;3);B(2-3;4).Tim diém

M e(Oxy) sao cho ba diém A B,M thing hang

A. M(110). B. M (3,-5;7). C. M (-3,5,0). D. M (-2;10).

Loi giai
Chon D
Ta co: M €(Oxy)= M (x;y;0)

AB=(L-11); AM =(x-1y+2;-3)

A B,M thang hang — AB,AM clng phuong
_ — X=-2
1 -1 1 y=1
Cau 20: Trong khong gian Oxyz, cho hai diém M (3; 1;4) va N (0; 2;—1). Toa do trong tdm cua tam
giac OMN la
A. (-31-5). B. (-1-1-1). C. (3,3,3). D. (1,11).
Loi giai
Chon D

Ta c6 toa d0 M (3;1,4), N(0;2;—-1) va O(0;0;0)

Xy + Xy + X
G = :1
3
+y, +
Trong tAm G cua tam giac OMN ¢6 toa do thoa { y, = Yu );N Yo _q
;. - Z,, +z3N T2

Suyra G (l; 1 1)

Cau 21: Trong khong gian véi h¢ tryc toa dd Oxyz cho diém A(1;2;4), B(2;4;-1). Tim toa d¢ trong
tam G cua tam giac OAB.
A. G(6;3;3). B. G(21;1). C. G(21;1). D. G(1;2;1).
Loi gidi
Chon D
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X, +x,+x
sz A B (0]
3 .=
.=
. . A . n . , Yat+tVYsty
Goi G la trong tm cua tam giac theo cong thirc ta c6 <y, :% Sy =
z.=
, _ZatZtzo G
© 3

Vay G(1;2;1).
Cau 22: Trong khong gian vdi h¢ toa do Oxyz, cho bon diém A(1;0;2), B(-2;1;3), C(3;2;4),
D (6;9; - 5) . Hay tim toa d¢ trong tam cua t& dién ABCD ?
A. (2;3;,-1). B. (2;,-3;1). C. (2;3;1). D. (-2;3;1).
Loi gidi
Chon C

Goi G(x; v; z) la toa do trong tam cua tir dién ABCD ta c6:

XAt XX+ x_1—2+3+6
X 0r15249 |72
Y, Y, FYo+y +1+2+
y=24"9879cTID oly = y=3.
4 4
L _ZatZy Itz ,_2+3+4-5 z=1
- 4 4

Céu 23: Trong khong gian voi hé toa do Oxyz, cho ba diém A(1;0;-2),B(21-1), C(L-2;2). Tim
toa do trong tam G cua tam giac ABC.

A. G(4-L-1). B.G6[-211)  cof2-1-1) .11y
3’3’3 33 3 3 3 3
Loi giai
Chon C
Ta c6: G(1+2+1;0+1_2;_2_1+2j:G£ﬂ;_1;_1j-
3 3 3 3 3 3

Cau 24: Trong khong gian voi hé toa do Oxyz, cho céac diém A(l; 0; 3) , B(2;3; —4) , C (—3;1; 2). Tim
toa do diém D sao cho tu giac ABCD 1a hinh binh hanh.
A. D(-2;4;-5). B. D(4;2,9). C. D(6;2;-3). D. D(-4;-2;9).
Loi giai

Chon D
Tacé BA=(-1-3,7), goi D(X;y;z), CD=(x+3,y-1Lz-2).

X+3=-1 X=-4
ABCD 14 hinh binh hanh khi BA=CD < y-l=-3&y=-2= D(—4; —2;9)

72-2=7 z=9
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Céu 25: Trong khong gian Oxyz , cho tam gidc ABC biét A(2;1-4), B(5-3;3), C(-1-110). Tim

toa do trong tam G cua tam giac ABC.

A. G(21-3). B. G(2,-1;3). C. G(2-1-3). D. G(-2-13).
Loi gidi
Chon B
X, + X, + X
L =ATT T 9
3
G 1 trong tam tam gidgc ABC < 1y :W:—la G(2-13).
g ~latlatlc g
3

CAu 26: Trong khong gian véi hé truc toa dd Oxyz cho ba diem A(1;3;4); B(L0;-2)va C(4;0;1). Toa

do trong tam G cua tam giac ABC la

A. G(3,0;2). B. G(2,1,1). C. G(113). D. G(3;0;-1).

Loi giai
Chon B

X, = 1+1+4 _5
3
Taco G(Xg:VaiZs) V6i 1 Ys :3+2+O =1.
4-2+1
= =1
e 3
Cau 27: Cho tam giac ABC, biét A(l; —2;4) , B(O; 2: 5) , C(5;6;3). Toa d¢ trong tam G cua tam giac

ABC 1la
A. G(6;33). B. G(4;2;2). C. G(3;36). D. G(2;2;4).

Loi giai
Chon D

X, = 1+0+5 5
3
. R , ., R , —2+2+6 R A
G la trong tdm cua tam gidc ABC nénta co: J Y, = —3 - 2. Vay G(2,2,4).
4+5+3
= =4
Ze 3

Cau 28: Trong khong gian Oxyz, cho ba diém A(—4;l; —5); B(2;—4;7); C(S; —2;9). Toa dd diém D
dé ABCD Ia hinh binh hanh 1a
A. (23-3). B. (-3,-3;3). C. (-6;5-12). D. (-3;3;-3).
Loi giai
Chon D
Pé ABCD 4 hinh binh hanh thi AB = DC
15



Ma AB =(6;-5;12); DC =(3-Xp;~2~ Y59~ 2,
3-X, =6 Xp =—3

Suyra {—2-y,=-5=1y, =3 = D(-3,;3,-3).
9-z,=12 Z,=-3

Céu 29: Cho hai diém M (L,-2;3)va N(3;0;-1). Tim toa do trung diém I clia doan thang MN .
A 1(4,-2;2). B. 1(2,-12). C. 1(4-21) D. 1(2-11)
Loi giai
Chon D

Trung diém | ¢6 toa do 1a | (1;3; _22+0 ; 3;) < 1(2-11).

Céu 30: Trong khong gian véi h¢ toa do Oxyz, cho bon diém A(2;0;0),B(O;Z;O),C(O;O;2) va
D(2; 2;2). Goi M, N lan luot 1a trung diém cua AB va CD. Toa d6 trung diém I cta MN
la:

A. 1(1;-1;2). B. I(1,1;0). C. I[%;%;l). D. I(1;1;1).

Loi giai

Chon D

Cach 1: Tacé M,N lan luot 1a trung diém cia AB va CD nén M(1;1;0),N(1;1;2), tir d6
suy ra trung diém ctia MN 1a I(l; 1;1).

Ciach 2: Tir gia thiét suy ra [ 1a trong tam tir dién.Vay I1(1;1;1).

Cau 31: Trong khong gian v6i hé toa do Oxyz cho ba diémM (2;3;-1), N(-L11) va P(Lm-12).
Tim m dé tam gidc MNP vudng tai N .
A. m=-6. B. m=0. C. m=-4. D. m=2.

Loi gidi
Chon B
MN (=3;-2;2); NP (2;m—2;1)
Tam gidc MNP vudng tai N <> MN.NP =0 —6-2(m-2)+2=0<m-2=-2<m=0.

Céu 32: Cho tam gidc ABCco A(LL1), B(-12;3) va C(3;21). Goi M la diém thudc duong thang
BC sao cho BM =2BC . Dé BMDA la hinh binh hanh thi toa d6 D la
A D(5;1;1). B. D(S;L'—l). C. D(5-1-1) D. D(-5;1-1)

Loi giai

Chon B

BC = (4;0; —2). Goi D(x; y; z) suy ra AD = x—Ly—-1z-1).
BMDA 12 hinh binh hanh khi va chi khi AD = BM - D(5;1; —1)
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Cau 33: Trong khong gian voi hé truc toa dd Oxyz, cho tam giac ABC c6 A(-12;4), B(3;0;-2) va
C(L3,;7). Goi D chan dudng phén gic trong ha tir A. Tinh OD

\207 A 205 \201 \/203
A ——. B. ——. C.——. D. ——.
3 3 3 3
Loi gidi
Chon B

AB = 24/14 va AC =+/14 do d6 AB =2AC . Suyra DB =2DC.

Do D la chan duong phan giac trong va DB =2DC nén DB = —ZFC, suy ra D(%;Z; 4)

\/205

Vay OD =——.
1y 3

Cau 34: Trong khong gian voi hé toa d6 Oxyz, cho hinh binh hanh ABCE véi
A(3;1;2),B(l;O;l),C(Z;B;O).TQa do dinh E 1a

A. E(4;4:1). B. E(0;2;-1). C. E(1;3;-1). D. E(1;1;2).
Loi giai

Chon A

Can nhé: Néu ABCD la hinh binh hanh thi AB = DC hoic AD =BC.

Ap dung:

Goi E(x;y;z). Taco AB=(-2;-1;-1) va EC =(2-x;3-y;-2).

2—-x=-2 Xx=4
Vi ABCE 14 hinh binh hanh nén AB =EC < {3— y=-1<7y=4.Vay E(4;4;1).
-z=-1 z=1
Cau 35: Trong khong gian voi hé toa do Oxyz, cho tam giac ABC co A(l; —2;3), B(—l;O;Z) va
G(L-3;2)1a trong tm cua tam gidc ABC . Tim toa do diém C.
A. C(3-T7:1). B. C(2,-4,-1). C.C(3-1-3). D. C(3;2;1).
Loi giai
Chon A
G (1; -3; 2) la trong tam cua tam giac ABC nén ta co:
Xe =3%; — (X, +%3)=3.1-(1-1) =3.
Ye :3yG _(yA + yB) :3-(_3)_(_2+0) =—T.
7. =32, —(2,+23)=3.2-(3+2) =1.
Nén C(3;-7:1).
Cau 36: Trong khong gian v6i hé toa do Oxyz, cho tam gidc ABC c6 A(1;2;-1), B(2;-1;3),
C(—4;7;5). Toa do chan duong phan gidc trong goc B cua tam gidc ABC la
A. (1—1;—2;1) B. (-2:11;1). C. (3;1—1;1j. p.[-2,1)
3 3 33 3 3
17



Loi giai

Chon D
B
AT b - C
Ta c6 BA=+/26,BC = 2/26.
Goi D X;y;z , theo tinh cht phan giac ta c6 %:%:%.Suyra W&:—%D_c' *

Taco DA= 1-x;2—y;—1—z vaDC= —4—x;7—y;5—z

1—x:—1 —4—X x:—E
2 3
*ol2—y=—=7-y = y:l—1 :>D[—E;1—1;1]
3 3
—1—2:—1 5—1 z=1
2

Cau 37: Trong khong gian Oxyz, cho vecto a=(12;~2). Tinh d dai vecto a

A. \5\:2&. B. ‘5‘=8. C. \5\:3. D. \a\:g.
Loi giai

Chon C

Taco: [a =1 +2° +(-2)" =3.

Cau 38: Trong khong gian Oxyz , cho diém A(—4;3;12) . b6 dai doan thfmg OA béng

A. 13. B. 11. C.17. D. 6.
Loi giai

Chon A

OA=/(-4)? +3* +122 =13,

Céu 39: Trong khong gian voi hé toa do Oxyz, cho hai diém A(1;0;1)va B(4;2;-2). Do dai doan
thang AB bang
A 2. B. 4. C.22. D. 22.
Léi gidi
Chon C
Taco: AB=(3;2;-3)

= AB =|AB|= 3" +27+(-3)" =+/22.

Vay do dai doan thing AB bing /22 .
18



Céu 40: Trong khong gian Oxyz , cho hai diém A(O; 6;0) , B(0;0;8) . D6 dai doan thing AB
bang
A. 100. B. 10. C. 48. D. 6.
Loi gidi
Chon B

AB =J(0-0)’ +(0—6)’ +(8-0) =+/100 =10

Cau 41: Trong khong gian Oxyz , cho hai diém A(2;3;4) va B(3;0;1). Do dai vecto AB la

A. 19. B. 19. C. J13. D. 13.
Loi giai
Chon A

Do dai vecto ‘ﬁ‘ = \/(XB %)+ (Vs = Va) +(25—2,) =19.
Cau 42: Trong khong gian Oxyz , cho hai vecto ] , K lin lugt 1a cac vecto don vi trén cac truc Oy, Oz
. Tich v6 hudng ]R bang
A. 0. B. 1. C. 3. D. 2.
Loi giai
Chon A
Taco: j=(0;1;0); k=(0;0;1).
Suyra jk=0.0+1.0+0.1=0.
Céu 43: Trong khong gian Oxyz, cho a= —3;1;2 va b= 0;—4:5 . Gia tri ciia ab béng
A. 10. B. -14. C.6. D. 3.
Loi giai
Chon C
Tacod: ab= —3 0+1. —4 +25=6.

CAu 44: Trong khong gian Oxyz , cho hai vecto U = (—\/5; 0;1) , V=(0;11), khi do
A. 0V =1-+3. B. vV =3-+3. C. UV =0. D. GV =1.
Loi gidi
Chon D

Ta co: GV = (—\/é).0+0.1+1.1:1

Cau 45: Trong khong gian Oxyz, goi o 1a goc gifta hai vecto a va b, véi a va b khac 0, khi do

cos¢ bang
A 30 g 128 c. ab b, 2|
GGl e SR TRM



Chon A

Cong thuc tinh goc gitra hai vecto a va b, véi a va b khac 0O:
- a.b

cos(a,b) = —=—=

a

—

b

Cau 46: Trong khong gian véi hé toa o Oxyz, cho ba vecto i =(-1,1;0), b=(1;1,0), ¢ =(L;1;1).
Trong cac ménh dé€ sau, m¢nh dé nao sai?
A. ‘&‘:\/5. B.alb. C.H=\/§. D.blc.
Loi giai
Chon D

Ta ¢6
+) i=(-1,1;0) =i =v2 = A ding.

+) 4.b=-11+1.1+0.0=0 =4 L b = B dung.
+) é=(L11) =[f=v3 = C ding.

+) b.6=11+1.1+0.1=2%0 = D sai.

CAu 47: Trong khong gian voi hé toa d Oxyz , cho cac diém A(3;,—4;0), B(-113), C(3,1,0). Tim toa
d6 diém D trén truc hoanh sao cho AD =BC.

A. D(-2;1,0), D(—4;0;0) B. D(0;0;0), D(-6;0;0)

C. D(6;0;0),D(12;0;0) D. D(0;0;0), D(6;0;0)
Loi giai

Chon D

Goi D(x;0;0)eOx; AD = BC < /(x—3)" +16 =5@{

Cau 48: Trong khong gian voi hé truc toa do Oxyz, cho diém A(2; 2;1). Tinh d6 dai doan théng OA.
A.OA=3 B. OA=9 C.0A=A5 D. OA=5
Loi giai
Chon A
OA=+2"+2*+1* =3.
Cau 49: Trong khong gian OXyz , cho hai vecto u=(2;-11), v=(-3;4;-5). S6 do cua goc giira hai

vecto U va v bang:
A. 150°. B. 120°. C. 60°. D. 30°.
Loi giai

Chon A
Ta co: cos(ﬂn?) = 2,(-8)+(-1)4+1(-5) _ —\2@ .

2 (1 (3 4 (5
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Sb do ctia goc gitra hai vecto uvav bang: (GQ) =150°.

Céu 50: Trong khong gian v6i hé toa dd Oxyz cho hai vécto a= (m;3;4); b= (4;m;—=7). Véi gid tri nao
ciia m thi a vuong goc voi b?
A. 1 B. 3. C. 4. D. 2.
Loi giai
Chon C

Taco: @ vudng goc véi b khi ab=0 < 4m+3m-28=0<m=4. Chon dap an C

+Dang @: Cau tric nghiém ding, sai

Cau 1: Cac ménh dé sau ding hay sai?
a) Trong khong gian Oxyz, cho hai véc to U=i+/3+k, V= jv/3+K . Khi d6 tich vé huéng
cta UV bang 2
b) Trong khong gian Oxyz , cho hai vecto |, K 14n luot 1a cac vecto don vi trén cac truc Oy,
Oz . Tich vo huéng jk bing 3
c) Trong khdng gian Oxyz , cho hai diém A(1;-1;-3)va B(-2;1;-1). D¢ dai doan thing
AB bing 17
d) Trong khdng gian vai hé toa do Oxyz, cho hai vecto a=(2;-3;1) va b=(-14;-2). Gia
tri cua biéu thie ab bing—16

Loi giai
a)s b)S o) b d)b
a) Taco =(J§;0;1) va V=(0;J§;1). Suy ra GV =+/3.0+0+3+1.1=1.

b) Tacé: j=(0;1;0); k=(0;0;1). Suyra jk=0.0+1.0+0.1=0.

¢) Vi AB=+9+4+4=417.

d) ab=2.(-1)+(-3).4+1.(-2)=-16.
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Cau 2: Trong khong gian voi hé toa do Oxyz, cho ba vecto d=(-110), b = (L30), c=(L11). Cac

ménh dé sau dung hay sai?
2) [a=+2

b) alb

c) ‘E‘ =3

d blc

Loi giai

a)b b) b b d)S

a) d=(-LL0)=a]=v2 = a) ding.

b) 4b=-11+11+00=0 =4d Lb = b)dung.
¢) €=(LL1) =c|=+3 = c) dung.
d) b.6=1.1+1.140.1=2=0 = d) sai.

Cau 3: Cac ménh dé sau dung hay sai?

a) Trong khong gian Oxyz, cho hai vecto a=(2; 4;—2) va b= (L -2;3). Tich vé huéng
cua hai vecto a va b bing —22

b) Trong khong gian toa &6 Oxyz , cho vecto u =(3;0;1), v=(2;1,0). Tich vd huéng u.v
bang 6

¢) Trong khong gian Oxyz, cho hai vecto u, (L1 —4), u,(0;11). Goc gitra hai vecto da cho
bang 60°

d) Trong khdng gian Oxyz , cho cac vecto d=(13;3), b =(-2;2;1) va ¢ =(-12;3). Tich
vo huéng C.(d-b) bang 5

Loi giai

a) S b) b c)S d)b
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a) Taco: ab=21+4.(-2)-23=-12.

b) Tacd: uv=3.2+0.1+1.0=6.

¢) Str dung cong thice tich vo hudng caa hai vecto, ta co

3 1 (uzsu; ) =120°.

_ouu, o _ =
ol

cos(@;@)

d) Tir bai todn ta ¢ d—b =(1-(-2);3-2;3-1) hay a-b =(3;12).
Do do ¢.(d-b)=(-1).3+2.1+32=5vay ¢.(d-b)=5.
Cau 4:. Trong khong gian voi hé truc toa do Oxyz cho a=(1,-2;3) va b=(2;-1;-1). Cic ménh dé
sau dtng hay sai?
a) [a,b|=(-5-7;-3)
b) Vecto a khong cung phuong véi vecto b.
c¢) Vecto a khong vudng goéc véi vecto b.
) |o| =14

Loi giai

a) S b) S c)S db
a) Taco [&,BJ =(5;7;3)nén a) sai.

1 =2 -~ e .
b) Do 5 # =) # % nén vecto a khong cung phuong vdi vecto b nén b) sai.

¢) Do ab= 1.2+(-2)(-1)+3(-1) =1 nén vecto a khéng vudng goc véi vecto bnén c) sai.

d) Taco |a = J (=2 +3° =14 nén ) diing

Cau 5: Trong khong gian voi hé toa 40 Oxyz, cho ba vecto 4 = (—1; 1;0), b= (1;1;0), c= (1; 1;1) .

Céc ménh dé sau dung hay sai?

a) H=\/§
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b)alb

c) H = \/5
d)blc
Loi giai
a)b b) b ¢)b d)S

a) i=(-110)=[d|=v2 = a) ding.
b) 4.b=-1.1+11+0.0=0 =d Lb = b) dung.
c) E:(l;l;l) :>‘E‘=\/§ = c¢) dung.
d) b.c=11+1.1+0.1=2%0 = d) sai.
Cau 6: Cac ménh dé sau ding hay sai?

a) Trong khong gian Oxyz, cho a=2i-3j+4k, A(L0;-2) va B(2,—L1). Tich v6 hudng

a.AB bang 17
b) Cho hai vec to a=(1;-2:3), b=(-21;2) Khi do tich vo huong (a+b)b bing 10
¢) Trong khdng gian Oxyz , gbc giita hai vecto i va G:(—\/§; 0; 1) la 60°

d) Trong khong gian Oxyz, cho hai diém A(1; —1; 2) va B(2; 1; 1). P dai doan AB
béng\/g

Loi giai

a) D b)S 0) S d) P

a)Taco a=(2-34)

AB =(1,-13)
Vay a.AB=2.1+(-3).(-1)+4.3=17.

b) Taco a+b=(-1;-1;5) =(a+b)b=-1.(-2)+(-1).1+25=11.
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c) Taco T:(l;O;O).
o L(—8)r00+01 _g3
m ‘ \/( ) L0241 2

d) Tacé: AB= ‘E‘ - \/(2—1)2 +(1-(-1)) +(1-2) =6

Vay: COS(I u) :(T,ﬁ)zlSOO.

Cau 7: Cac ménh dé sau dung hay sai?
a) Trong khong gian véi hé toa dd Oxyz, cho vecto U= (x;2;1)va V= (L,-1%2x). Tich vo
hudng cua uva \7b§1ng 3x—-2
b) Trong khong gian véi hé toa @ Oxyz, cho hai diém A(—Z; 7;3) va B(4; 1;5). do dai cua
doan AB béng 2@
c¢) Trong khong gian véi hé truc toa do Oxyz, cho diém A(Z; 2;1). Do dai doan thing OA
bang 3
d) Trong khdng gian Oxyz, cho cic vecto a=(-212), b=(L-L0). Tich vo huéng
(5—6)6 bang 12

Loi giai

a) b b) D VR d) s
a) UV =Xx.1+2(-1)+1.2x =3x-2.
b) Taco: AB=(6;-6;2) = AB=+/36+36+4 =219 .
c) OA=+2"+2°+1* =3.
d) Taco a~b=(-32;2)=(a-b)b=-
Cau 8: Cac ménh dé sau dung hay sai?

a) Trong khong gian vdi hé truc toa 6 Oxyz, cho hinh binh hanh ABCD. Biét A(Z;l;—3),

B(0;-2;5) va C(1;1;3). Dién tich hinh binh hanh ABCD la /349
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b) Trong khdng gian véi hé toa dd Oxyz,, cho hai vecto a=(10;-2) va 5:(2;—1; 3). Tich
c6 huéng ciia hai vecto a va b 1a mot vecto ¢6 toa do 1a (2,-7;1)

c¢) Trong khong gian Oxyz, cho hai vecto 5(2;3;1), 5(—2;1;2). Khi d6 [5,5} o toa do
bang (2;0;1)

d) Trong khong gian Oxyz , toa 6 mdt vecto n vudng goc vai ca hai vecto

a=1L-2 b= 103 la 2—3—-1

Loi giai

a) b b) S 0)S d)s

a) Taco: AB=(-2;-3;8), BC=(L3;-2).Suyra [ﬁ,ﬁ]:(—l&m_s),

Dién tich hinh binh hanh ABCD Ia: S0, = AB,BC | = y/(-18) +4 +(-3)" =+/349.

b) Taco [a;b |=(-2-7;-1).

e (B 2023 o .
¢) Taco [a,b}_ﬂl 2H2 _2,‘ D_(s,—s,s).

— Chon n = 5,6}: 3_5-_1.

S1 S

la
d) Ta co: °
1b

Cau 9: Cac ménh dé sau ding hay sai?

a) [U,V]=0 < U, V cung phuong.

b) Néu G, V khong cing phuong thi gia cua vecto [U,V] vudng goc v6i moi mit phang song

song vai gia cua cac vecto U va V.

Loi giai
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a) b b) B c)S d) b
a) Chon dung
b) Chon dung
¢) Ta chimg minh [[d, V] =|d[v].sin (4, V).
Gia str U =(Uy;U,;Uz) Va v =(V;;V,; V).
+) Néu mot trong hai vecto Ui va v la vecto 0 thi taco |[,v]|=|d[v].sin(d,V).
+) Néu ¢4 hai vecto U va v déu khac vecto 0. Khi d6 ta co

[6, V]| =|]v].sin (a,v) =|d]||v].\1—cos® (4,V) =|d]¥]. 1—W= 022 —(0.9)°

= \/(uzva SAVATIS R (VAVARVAT) SRS (TAVARRVATIS R [u.v].
Taco ‘[6\7]‘ = |U||\7|.Sin (G,V) nén khang dinh c¢) sai.
d) Chon dung

Cau 10: Trong khong gian véi hé truc toa dd Oxyz , cho ba vécto a=(12;-1),b=(3,-10),c =(4-5;2)
. Cac ménh dé sau dung hay sai?
a) a cung phuong véi b.
b) a,b,c khong ddng phing.
c) a,b,c ddng phang.

d) a vuong goc voi b.

Loi giai
a)S b)S c¢)b d)S
a) Chon sai
b) Chon sai

c) Taco: [5; 5} = (—1; -3 —7) #0. Hai vécto a, b khong cung phuong.
[é; B] c=-1+15-14=0.Bavécto a,b,c ddng phang.

d) Chon sai
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Cau 11: Cac ménh dé sau dung hay sai?
a) Trong khong gian v6i hé toa dd Oxyz , cho hai diém M (2;1,-2), N(4;-5;1). Do dai doan

thang MN bang 7

b) Trong khdng gian Oxyz, cho vécto ﬁ:(l;O ;3) va \7:(x;—1;1). Néu uv = 3thi do dai ciia
M bing v/2 .

¢) Cho U =(-110), v=(0;-1;0), géc giita hai vécto u va v 1a60°

d) Trong khong gian Oxyz, cho cic vecto d=(13;2) va b=(2,11). Tich v huéng
a(2a-b) la31

Loi giai

a) D b) b 0) S d) S

8) Taco MN = [(4-2)" +(-5-1) +(1-(-2))" =49 =7

b) Ta co: uv=x+3.
Ma uv =3suy ra x+3=3 < x=0.
Vay v=(0i-111) =V = 2 +(-2) = V2.

c) Taco cos(ﬁ,g) = :>(ﬁ,\7):135°.

uv -1
bl 2
d) Taco: 2a=(2;6,4); 2a—b =(0;5;3) = é.(2§—5)=1.0+3.5+ 2.3=21.

Cau 12: Cac ménh dé sau ding hay sai?

a) Trong khong gian OXyz , cho cac vecto a=(-2;-3;1) va b=(10;1). Césin goc giira hai

. 1
vecto a va b bang—=

27

b) Trong khong gian Oxyz, cho céc vecto U =(2;-1;5) va v=(1;—3;-2). Tinh v6 huéng

G(G —\7) bang 41
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¢) Trong khong gian OXyz, cho cac vecto d= 10;1 va b= 1,21 . Tinh v huéng
d 2d+b bang6

d) Trong khong gian Oxyz, cho hai vécto U = (L —2;1)va v =(-2;11), goc giita hai vecto di
cho bang 120°

Loi giai

a) S b) S 0P d)P

—- —

-2+0+1 1
‘aHb‘ J4+9+111041 247

a) Goi ¢ la goc gitra hai vecto avab,taco: cosp=

b) Taco u—-v=(1;2;7).
Suy ra ﬁ.(ﬁ—\?) =12+2.(-1)+7.5=35.
Vay G.(G-x?)=35.

—4).(-1)+7.5=41.

Phuong 4n nhiéu B: Ta c6 u—v

(1,-4;7).Suy ra u. ( )
Phuong 4n nhi€u C: Ta ¢6 u-v=(L;-4;3).Suy ra u.(v-v) =1 (-1)+3.5=21.

Phuong an nhidu D: Tacd U—V = (1;2;7) .Suy ra G(\?—\?) = 2.(—1).5+1.2.7 =4,

¢) Tacéd: 2a= 2;0;2 28+b= 323 =& 24+b =1.3+02+13=6.

d) Tacé cos(u v) ——l:>( ;\7):1200.

HM e

Cau 13: Cac ménh dé sau dung hay sai?
a) Trong khong gian Oxyz, cho cic vecto a=(2;0;-1) va b=(L-% 0). Tich v6 hudéng
5(5 + 25) bang 7
b) Trong khong gian vdi hé toa do Oxyz , cho hai vecto d = (2;1; —2) vab= (O; 2 ; V2 ) Tat

+/26 +/2
6

ca gia tri cia M dé hai vecto G =2a+3mb va Vv=ma—b vudng goc la
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¢) Trong khéng gian Oxyz , cho hai vecto U =(2;-11), v =(=3;4;-5). Sé do cua goc giira
hai vecto U VA v biang 120°

d) Trong khong gian Oxyz, cho céc vecto a=(10;0) va b=(2;0;1). Tinh vé huéng
a.(a+2b) bang 5

Loi giai

a) S b) D S d)b

a) Tac b+2a=(5-1-2)=a(b+2a)=25+0.(-1)+(-1)(-2) =12.
b) ab=-3v2; aa=9; bb=4.

Hai vecto i =23a+3mb va v=ma—b vudng goc
< uv=0<2maa—_2ab+3m’ab—3mbb=0<18m+6+2 -9v2m2—12m =0

<:>—3\/§m2+2m+2«/§:0<:>m:ﬂ.

2.(-3)+(-1).4+1.(-5) 3

c) Ta co: cos(u;v) = = . S6 do cta goc giira hai

N E N S

vecto U VA v bing: (ﬂ;\?):1500.

d) Taco: 2b =(4,0;2),d+2b =(5,0;2) =& (d+2b)=1.5+0.0+0.2=5

Cau 14: Cac ménh dé sau dung hay sai?
a) Trong khong gian Oxyz, cho cic vecto d=(L 3;3)va b=(-2; 2;1). Tich vo hudng
é.(é—ﬁ)béng 12
b) Trong khong gian Oxyz , cho cic vecto a =(-2;1;2), b =(1-10). Tich v huéng (5—5).5
bang 12

¢) Trong khdng gian Oxyz, cho céc vecto d=(1;-2;-1) va b=(2;1;-1). Gi4 trj cia

cos(é,B) Ia—%
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d) Trong khéng gian Oxyz cho hai diém A(3;1;-1), B(2;2;—2).Néu M 14 diém nim trén doan
AB sao cho AB=2MB thi 6 dai OM bang 3

Loi giai
a) b b) S c)S d)b
a) Tirbaitoantaco a—b=(1-(-2);3-2; 3-1)hay a-b=(3,1,2).
Do d6 d(d—b)=13+31+32=12.
Vay a.(a—B):12.
b) Taco a~b=(-322)=(a-b)b=-5.

1.2+(~2).1+(~1).(~1)
V1+4+14/4+1+41

¢) Tacod cos(é,B)z =%.

d) Vidiém M nam trong doan AB nén dua vé véc to:

3

Tu day ta suy ra OM = NN

m+zm:6@M(

w|~
wlo;

Cau 15: Cac ménh dé sau dung hay sai?
a) Trong khéng gian vai hé toa do Oxyz, cho d va b tao v6i nhau mot goc 120°, dong thoi

laj=2 va \6\:5.% U=ki—-b vav=a+2b.D& ULV thigi4 tri cua k Ia k:%

b) Trong khong gian véi hé truc toa do Oxyz, cho tam gisc ABC véi AB=(L-2;2);

29

AC =(3,—4; 6). Do dai duong trung tuyén AM ciia tam giac ABC IéT

¢) Trong khdng gian Oxyz, cho ba diém A(-1-2;3),B(0;3;1),C(4;2;2). Cosin cta gbc

BAC bang 9

J35
d) Trong khong gian Oxyz, cho cac vecto a=(10;1)va 6:(1; 2;1). Tinh v6 hudng
a(2a+b)la6

Loi giai
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a) S b) S c)S db
a) UL\?c>U.\7=O<:>(k€1—6)(é+26)=O
& klaf +(2k ~1)ab —2]p| =0« 6k ~45=0 =k :—%.
b) Taco
AB? =1% +(-2)"+22 =9, AC* =3 +(-4)" +6° =61, AC.AB =1.3+(-2)(-4)+2.6=23.

BC =(AT:—E)2 _AC + AB —2.AC.AB =61+9-2.23=24.

2 2 2
Ap dung cong thic duong trung tuyén ta c6: AM? = AB ; ACT_ BZ = J +261 - 27:1 =29.

Vay AM =+/29.

¢) Taco AB=(15;-2);AC =(5;4,-1) = AB.AC = 27;| AB| = V30;|AC| = /42 .

— —  ABAC 27 9
cosBAC:cos(AB,AC):‘EHE‘ Z\/%.JE:Z@'

d) Taco: 2a=(2;0;2); 2a+b =(3,2;3) > 4a,(2a+b)=13+0.2+13=6.

Cau 16: Cac ménh dé sau dung hay sai?

a) Trong khdng gian Oxyz, cho hinh hgp ABCD.A'B'C'D’ ¢6 A(10;1),B(2;1;2),D(L-11)
. e T 2
va A'(31-1). Gid trj cua COS(AC’, B’D') bang 3

b) Trong khong gian Oxyz, cho a(-2;2;0), b(2;2;0), c(2;2;2). Gia tri cua ‘5+6+E‘ bang
11

¢) Trong khdng gian Oxyz , cho hai vec to a=(2,1;0),b = (~10;-2). Khi do cos(é;B) bing
2
5
d) Trong khong gian Oxyz , cho céc vecto a=(1;1;3), b=(-2;1;5) va ¢ =(1;-3;2) . Tinh tich
vo huong a.(b —22) bing 6

Loi gidi
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a)b b) S c)S d) b
a) AB=(L11),AD=(0;-10), A’ =(0;1,-2),BD =(-L-2-1).
Ap dung quy tic hinh hop ta co: AC'=AB+AD+AA = AC' = (1;1;—1).

Mit khic, B'D'=BD nén cos(AC’,BD')= ﬁggg _ @_2@ _ —f |

b) Tacé a+b+c=(2;6;2) ‘a+b+c‘ V22 +62 422 =44 =2411.

¢) Ta cé.cos(é,ﬁ) __ 2

abJTJroz f+02+(=27 O
)

d) Taco: b-2c=(-2-2.1:1-2.(-3);5-2.2) = (—4:7:1) nén

a.(b-2¢)=1.(-4)+1.7+3.1=6.

Cau 17: Cac ménh dé sau dung hay sai?
a) Trong khong gian v6i hé toa do Oxyz, cho tam gidc ABC c6 A(2;0;0), B(0;3;1),

C(-3;6;4). Goi M 1a diém trén canh BC sao cho MC =2MB. Do dai doan AM bing~/30
b) Cho hai vecto @ =(L,1-2) va b =(1,0;m). Géc gitra chiing bang 45°khi M = 2-6
¢) Trong hé toa do Oxyz , cho hai vecto a va b thoa man ‘ ‘ 243, ‘b‘ 3 va (a b) 30°.

D dai clia vecto 3a— 2b bang 22

d) Trong khong gian v&i hé toa ¢6 Oxyz, cho hai diém B(—l; —1;0) va C (3;1; —1). Toa do
diém M thudc truc Oy va M cach déu B,C 1aM (o;%;o)

Loi giai

a)S b) b c)S d)S
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B Y; C

— . - 14’
Tacod BC=(-3;3;3). Vidiém M thudc canh BC va MC =2MB nén BM =3 BC, do @6

BM =(-111).

Lai c6 AB=(-2;3;1) nén AM = AB+BM =(-3;4;2).

Viy AM =|AM |=[(-3)" +4°+2* =/29.

b) cos(ﬁQ):ﬂ
) JemE 41
Gac giita hai vecto a,b c6 sé do 45° nén ta co:
1-2m 1 1-2m>0
s -~ ol-2m=3Ym’+l <
Jomi+1 V2 {(1—2m)2_3(m2+1)
1
1 m<—
m<= 2 NG
& 2 24 , 0<:> meo_ 6c>m—2— 6
m? —4m-2=
m=2+6

c) Goc gitra (35, 25) =30°

B3

Taco: [3a—2b[ =[3a| +[26] ~2,3al.|2b].cos30°= (6V3) +(6)’ —2.6@.6.73 ~36.
Suy ra: \35—26\ -6
d) Goi M (0;y;0)eOy la diém thoa man.

Taco BM =4/L+(y+1)°, CM =/9+(y-1)* +1.

Vi M cich déu B,C nén BM =CM < 1+(y+1)’ =10+(y-1) @ 4y=9< yz%
9

Vay M| 0;—;0 1.

w m(0:2:0]
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Cau 18: Cac ménh dé sau dung hay sai?
a) Goi ¢ la goc gitra hai vecto a=(1,2;0) va b=(2;0;-1), khi d6 cos¢ béng %
b) Trong khong gian véi hé truc toa dd Oxyz , cho hai diém A(L-2;0) va B(-3;0;4). D¢ dai
doan thang AB bing 6
c¢) Trong khong gian véi hé toa d0 Oxyz, cho cac diém A(—l; 2;4) , B(—l; 1;4), C(O; 0;4) .
S6 do ciia goc ABC 1 45°

d) Trong khdng gian véi h¢ truc toa do Oxyz, cho diém A(2;2;1). d6 dai doan thang OA

bang 5
Loi gidi
a) b b) D ¢S d)s
a) ab= ‘EHB‘cos(p =>C0S ¢ = % = ﬁ = %

b) Tacé: AB = \/(—3—1)2 +(0—(-2))" +(4-0)" =16 +4+16 = /36 =6.

e)Tacé BA(0;1;0), BC(1;1;0).=> cos ABC = cos( BA, BC ) = % - ‘T;

= ABC =135°.

d) OA=+2%+2*+1> =3.

Cau 19: Cac ménh dé sau dung hay sai?

a) Trong khong gian v6i hé toa do Oxyz cho tir dién ABCD véi A(0;0;1), B(0;10),

C(10;0) va D(-2;3;—1). The tich khéi tir dién ABCD béng%
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b) Trong khong gian voi hé toa d0 Oxyz , cho ba diém co toa do

A(ZL' 0;1), B (2; 2;1), C (1; 3 —1) Goi M 14 diém nim trén tia Oy sao cho thé tich tu dién
ABCM bang % . Tung d6 cta diém M la 1
¢) Trong khdng gian Oxyz, cho ba diém A(L1-2);B(3;1;0),C(2;2;1). Tam giac ABC c6

dién tich bang 2/6

d) Trong khong gian véi hé truc toa do Oxyz, cho 4 diém tao thanh tir giac 16 A(2; 0; —1),

B(-2:1,-3), C(1;2:2),D(0;~L-5). Dién tich cua tir gidc ndy c6 gid trj bing 13f
Lo gidi
a)b b) P c)S d)b

a) Taco (ABC):%+%+§:1<:> X+y+z-1=0.

AB =BC =CA=+/2 :sABC:\/f?:?.

-2+3-1-1 1 1 11 43 1
d(D;(ABC))=""———T = . Vay V,;cp ==d (D;(ABC)).Sppec == —= o ==,
( ( )) \/5 \/5 ay ABCD 3 ( ( )) ABC 3 \/g 2 6

b) Goi toa do diém M 1a M =(0;m;0) véi m>0
AB=(12,0), AC=(0,3-2)=| AB,AC |=(-4:2:3)

AM =(-Lm;-1)

m=-2 ()

Suy ra Vgey = %‘[E,E}M‘ - %|2m +1| B % < |:m =1 (tm)

Suy ra tung d6 cua diém M bang 1.
c) Tacod

AB=(2,0;2),AC =(113).
:[E;E]z(—z;—mz)

Dién tich tam giac ABC la: S,.. :%‘[EE]:\@
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d) Chiéu lan luot cac diém A(2;0;-1), B(-21,-3), C(L2;2),D(0;-1-5) 1én mat phéng
(Oxy) ta dugc cac diém A'(2;0;0), B'(-210), C(42;0),D (0;-10)

A

y

B ( —_—
o

A’

RY

D'

Dién tich ctia tir gidc ABCD: S pcp = Sppe +Spp = %‘[E, A—C] +%‘[E, E]‘ = % :

Cau 20: Cac ménh dé sau dung hay sai?
a) Trong khong gian toa dg Oxyz, cho t di¢n ABCD véi
A(-1-2;4),B(-4;-2;0),C(3;—2;1)va D(L;1;1). D6 cao cia tir dién ké tir D bang 3
b) Trong khong gian véi hé toa do Oxyz , cho ndm diém tao thanh mot hinh chop co day la tor
giac voi A(O;O;S), B(Z;—l;O) , C (3; 2;4) , D(l; 3 5) , E(4; 2;1). Dinh cta hinh chép tuong
tmg 12 Piém C
¢) Trong khong gian Oxyz cho hai vecto a=(4,-2,—4),b=(6;-3;2).Gié tri ciia biéu thic

‘(25—36)(5+ 26)‘ bing 200

d) Trong khéong gian Oxyz, cho cic vecto a=(1; 0; 3) va b=(-2;2;5). Tich v6 huéng
é(5+6) bang 23

Loi giai

a) D b) B 0P d)s
a) Taco: AB(-3,0,—4), AC(4;0; —3),[@,?@ =(0;-25;0).

Chon vecto phap tuyén ctia mit phang (ABC)Ia n(0;10).
Phuong trinh mét phang (ABC)la: y+2=0.

[1+2]
=3

Do cao hctia tir dién ké tr D béng khoang cach tir D dén (ABC). Vay h=

b) Xét dap an A chon diém C 1a dinh, ta c6:
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ﬁz(Z;—l;—S), E=(1;3;2), E=(4;2;—2), E=(3;2;1).
. [E,ﬁ].ﬁ:m-z.?—z.?:o
V6i [ AB,AD |=(7;-7i7)= - -
[AB,AD].AC —3.7-27+1.7=14
Suyra A, B, D, E ddng phang. Vay diém C 1a dinh ctia hinh chop.

¢) Tacé: 2a—3b=(-10;5-14); a+2b=(16;-8;0).
Vay: \(25_35)(a+ 26)‘ ~200.
d) Tir bai toan ta ¢ a+b=(1+(-2); 0+2; 3+5) hay a+b=(-1; 2; 8).
Do ds a(a+b)=1(-1)+0.2+38=23.
Vay a.(a+5): 23.
Cau 21: Cac ménh dé sau dung hay sai?
a) Trong khong gian vdi hé toa do Oxyz , cho hai vecto avab thoaman ‘é‘ = 2\/§ , ‘6‘ =3 va
(5, 5) =30". B dai cua vecto 3a— 2b bé‘mg 6
b) Trong khong gian voi hé toa do Oxyz, cho tir dién ABCD), biét
A(2;31) , B(41-2), C(6;3,7), D(-5-4;-8). D¢ dai dudng cao DH cua tir dién ABCD
.45
bang -
¢) Trong khdng gian Oxyz , Cho hinh hdp chit nhat ABCD.A'B'C'D’ ¢ A trung véi gbc toa
d6 O. Biét rang B(m;0;0), D(0;m;0), A'(0;0;n) v6i m, n la cac sé duong va m+n=4.
Goi M 14 trung diém cua canh CC’. Thé tich 16n nhét ctia khéi t dién BDA'M biang %
d) Trong khong gian véi hé toa d0 Oxyz , cho hinh lang tru ABC.A'B'C’ ¢6 toa d6 cac dinh

A(0;0;0), B(0;a;0), c(%;%; Jva A(0;0;2a) . Goi D 1a trung diém canh BB’ va M

di dong trén canh AA'. Dién tich nho nhit cta tam giac MDC' 1a

a’\/6
4
Loi giai
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a)b b) D c)b db

ab\/§aa

a) Tathdy cos(a;b)=c0s30 < == =" ab=9.
e T

[3a-26] =(3a-20) =3[af - 6ab +4fb| =36

Vay

b) Tac6: AB=(2;-2;-3), AC =(4;0;6), AD = (~7;~7;-9).

[ B, AC = (-12,-24;8); [ AB, AC | AD =180; || AB, AC ]| = [(-12)" +(-24)" +8" =28.

Suy ra: VABCD—%‘[AB AC] AD‘ 30; S,,. = ;‘[E,E}‘zm.

Suy ra d dai duong cao DH cua t dién ABCD bang Nagco _ E.
ABC 7
c)
Y4
A 'B'
D, ,”: \ c
/ : I\vI‘
S ot X
[; = c

Y

Ta co: A(0;0;0), B(m;0;0), D(0;m;0), A'(0;0;n) suy ra C(m;m;0), B'(m;0;n),

C'(m;m;n), D'(0;m;n), M(m;m;g}
BD =(-m;m;0), BA =(-m;0;n), W:(O;m;gj.

Vapun :%‘[@@]W‘ :%‘mz.n‘ :%‘mz.(4—m)‘ :%|m.m.(8—2m)|

<1(m+m+8—2mj3_%
8 3 27

d) Theo gid thiét, ta ¢o @:M:c{a—f;%;za} D(0;a;a) va M (0;0;t) (0<t<2a)

39



Taco D—C’:[—;—%;aj, W=(O;—a;t—a).

aV4t? —12at +15a° \/(Zt—3a)2+6a2 S a’\/6
4 4 T4

Vi vay SMDC,—%‘[DC DM]

a’6 ... 3

Suy ra MinS,, 5 == khi t:Ea

Cau 22: Cac ménh dé sau dung hay sai?

a) Trong khong gian Oxyz cho tir dién ABCD cd A(2;1-1), B(3;0;1), C(2;,-13), D(0;m;0)

. Tong tat cac cac gia tri cia tham s m dé thé tich khéi tar dién ABCD bang 5 14 3

b) Trong khdng gian Oxyz, cho tam gidc ABC voi A(211), B(5;3;6), C(-12;3). Dién
tich tam gidc ABC 13S,,,. = %\/523 .

c) Trong khong gian Oxyz , cho hai diem A(L—12) va B(2;11). Do dai doan AB bing/6

d) Trong khdng gian voi hé toa dd Oxyz, cho u=(112),v= (=L m;m-2).Khi ‘[ﬁ\?]‘ =14
thim=2hoac m=-3

Loi giai
a)s b) b 0 b d) S

a)Taco AB=(L,-12), AC =(0;-2;4), AD = (-2;m-1;1) = [AB, AC] = (0;~4;-2)

Vo =%\[E,A—C].ﬁ\=5@|—4m+2|=30@ m=-7, m=8.

b) Taco AB=(3,2;5), AC =(-31;2) va | AB,AC |=(-L-219)

Khi 6, S,ac :%‘[AB AC] :%\/(_1)2+(_21)2+92 :%J@.

¢) Taco: AB=y/(2-1) +(1+1) +(1-2)’ =6 .

d) [G,\?] =(-m-2,-m;m+1)= ‘[6\7] = \/(m+2)2 +m”+(m +1)2 =+/3m? +6m+5
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m=1
m=-3

[G.V] =14 < 3m” +6m+5=14 < 3m’ +6m—9:0<:{
Cau 23: Cac ménh dé sau ding hay sai?

a) Trong khong gian véi hé truc Oxyz, cho a(3;2;1), b(3;2;5). Toa dd vecto tich c6 hudng

[a,b] 12 (8;-12;0)

b) Trong khong gian véi hé truc toa d Oxyz, cho hinh binh hanh ABCD . Biét A(2;1;—3)

. B(0;-2;5) va C(1;1;3). Dién tich hinh binh hanh ABCD 1a+/359

c) Trong khdng gian Oxyz, cho cac diém A(2;1;,0),B(0;4;0),C(0;2;-1). Biét duong thang

x-1 y+1 z-

tai diém
1

A vubng goc v6i mit phang (ABC) va cat duong thang d:
D(a;b;c) théa man a >0 va tir dién ABCD c6 thé tich bang % Toéng a+b+c bang 5

d) Trong khong gian Oxyz, cho cac vecto a=(-5;3;-1),b=(1;2;1), c=(m;3;-1).

Tim tat ca gia tri cia m sao cho a= [6,6} lam=6

Loi giai

a)b b) S c)b dS
~ 4 (]2 1]]1 3]]3 2
a) C6 vecto tich c6 huong [a,b]:ﬂz 5H5 3H3 2‘]:(8;—12;0).

b) Taco: AB=(-2;-3;8), BC=(1;3,-2). Suy ra | AB,BC |=(~18;4;-3).

Dién tich hinh binh hanh ABCD 14: S,, =| AB, BC | — J(-18) +4> +(=3) =349 .
¢) Do Ded nén D(2t+Lt-13t+2)suy ra AD =(2t-1Lt—2;3t+2)
Ta co: [EE} =(-3,-2;4)

17

1
TaG0 Vyep = Q%‘[E,A—c]ﬁ‘z% olat+1s=17 | "2

t=-8
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Loai t =—8 vi khong théa a>0. Do do D(Z;—%;gj vay a+b+c=5.

d) Ta co [B,E] =(-5;m+1;3-2m).

5-_5
5:[6,6]@ 3=-m+1l om=2
~1=3-2m

Cau 24: Cac ménh dé sau dung hay sai?

a) Trong khong gian véi hé truc toa do Oxyz, cho 3 diém c6 toa do 1a A(l; 2; 0), B(2;1; —1),

Ne

C(0;,-1). Gia trj sin ABC bang -

b) Trong khéng gian Oxyz, cho hai vecto m =(4;31) va ﬁ:(O;O;l). Goi p la vecto cling
hudng vai voi [ﬁ,ﬁ} va |§| =15. Toa d6 cta vecto p la (9;—12;0)

c) Trong khdng gian Oxyz , chobadiém A(1;1;-2), B(3;1;0), C(2;2;1). Tamgidc ABC
c6 dién tich bang J7

d) Trong khong gian Oxyz cho hai vecto a=(4,-2,~4),b=(6;-3,2).Gi4 tri cua biéu thirc
‘(25—36)(5+ 26)‘ biing 204

Loi giai

a)S b) b c)S d)S

[4v]

o

a) Taco sin(ﬁ,\7)=
BA=(-111),BC =(-2;0;0) = [ﬁ@] =(0;-2;2).

. _[BABC] 22 16

Vay sinABC=sin(ﬁ,BC)— \B—A\.\BT:\ TR

b) Taco [ﬁ, ﬁ] =(3,-4;0)

P cung huéng véi [mM,A] khico k>0 sao cho p =(3k;—4k;0).
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. Vay k=3 p=(9,-12,0).

k=3
|p| = VOK? +16k? =15©{k_ 3(1)

¢) Taco: AB=(2;0;2),AC =(1;1;3),BC =(-1;1;1).

Suyra AB=2"+0" +2" =8, AC =P + 1" +3 =11, BC=J1)’ + P +1* = 3.

Vi AC? = AB’ + BC? nén tam gidc ABC vudngtai B.

Di¢n tich tam giac ABC: S,,. = %AB.BC :%\@.\@: J6 .

d) Taco: 2a-3b=(-10;5-14); a+2b=(16;-8;0).
Vay: \(25—36)(5+ 26)‘ ~ 200

Cau 25: Cac ménh dé sau dung hay sai?
a) Trong khong gian v&i hé truc toa d6 Oxyz , cho 2 vecto G =mi +2] —3K, V=mj +2i +4k
. Biét rang G.v =8, khi d6 gia tri cia m bang 5
b) Trong khong gian Oxyz, cho hai vécto U =(L;-2;1) va V= (-2;1;1), g6c giita hai vecto da
cho bang 60°
¢) Trong khong gian véi hé toa dd Oxyz, cho hinh lang tru ding ABC.A'B'C’ c¢6 A(0;0;0)

, B(2;0;0), C(0;2;0) va A’(0;0;2). Géc giita BC' va A'C la 90°

d) Trong khong gian Oxyz, goi ¢ 1a goc gifta hai vecto a VA b, voi a va b khac 0, khi d6

2o

cos¢ bang' 4

Loi giai

a)b b) S c)b dS
a) Taco G=mi +2] -3k =0 =(m;2,-3), V=mj +2i +4k =V =(2;m;4).
Theo dé bai GV =8=2m+2m—-3.4=8< m=5.

b) Tacod cos(G;V)zy—'Vz_—S:—%:(ﬁ;(/)ﬂzo".

G[[ V66
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¢) Tact: B(2;0;0), C'(0;2;2) nén BC'=(-2;2;2).
A'(0;0;2), C(0;2;0) nén A'C=(0;2;-2).

:@.R:O.

a.b

al.lb

d) Cong thirc tinh goc gitra hai vecto a va I; VGi a va b khac 6:cos(;,2) =

+Dang @: Cau tric nghiém tra 1&i ngin

Cau 1: Trong khong gian Oxyz, cho ba vecto U = (1;8;6),v = (—1;3; —2) vaw = (0;5; 4). Tim toa

docuavectou —2U0+w
Lvi gii
uU—-2v+w=(1;86)—2(—-1;3;-2)+(0;5;4)=(1+2;8—6+56 +4+4) = (3;7;14)

Cau 2: Chod = (2;—1;5),b = (0;3; —3),¢ = (1;4; —2). Tim toa do ctia vecto d = 2d —=b + 3¢.

Ul =

Lo giai

3 3 > . .
2,-2);3¢ = (3:12;-6).

Taco 2d = (4;—2;10);35 = (0;

7 (4023931910 - (-3 4 (— 3 _(7.47.23
Dodéd =(4-0+3-2-2+1210- (-3) + (-6)) hayd = (7, ; 2).
Cau 3: Néu toa do cua vecto d 1a (x; y; z) thi toa do cua vecto ddi cua d 1a gi?

Loi giai
Vecto d6i cua d la —d.
Toa d¢ cua vecto ddi cua d 1a: (—x; —y; —2).
Cau 4: Trong khong gian Oxyz, cho a = (2;1; —2) va b= (—=2;3;-2).
a) Tim @ - b. b) Tim (&, b).
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Lovi giai

a)Tacod-b=2-(=2)+1-3+(=2)-(=2),hayd-b = 3.

L Py ab 3 _ 1
b) cos (a,b) = @bl 22+124(-2)%/(-2)2+3%+(-2)2 V17

Suy ra (@, b) ~ 75, 96°.

Ciu 5: Trong khong gian v&i hé toa dd Oxyz, cho hai vecto i = (1; —2;3) va v = (2; 0; —3). Hay

chi ra toa do ciia mot vecto w khac 0 vudng gbc vi ca hai vecto 1 va .
Loi giai
Ta co:

wo=(y S5 bl o=@

Chon w = (6; 9; 4). Theo dinh li trén, vecto W vudng goc v&i ca hai vecto U va v.

Cau 6: Trong khong gian Oxyz, cho ba diém A(2; 9; —1), B(9;4; 5) va G(3; 0; 4). Tim toa do diém C

sao cho tam giac ABC nhan G la trong tam.

Loi giai

Pé G la trong tam cua tam giac ABC thi

X4+ xp + x¢
=3

xC:3xG_xA_xB:3.3_2_9:_2
+yg +

}’G:w=> Ye=3V—Ya—Yp=30—-9—-4=-13

Zy+ 2z + Z¢ zc =326 -24—23=34+1-5=8
Zg =——m——

3

Vay C(—2;—13;8)

Cau 7: Trong khéng gian Oxyz, cho tam gidc MNP c6 M(3;7;2),N(5;1;—1) va P(4; —4; —2).
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Tim toa do:

a) Trung diém / ciia doan thang MN; b) Trong tdm G cua tam giac MNP.
Loi giai

a) Ap dung cong thitc tinh toa do trung diém cho hai diém M(3;7;2) va N(5; 1; —1),

3+5 7+1

tacol (7;7;22;1), hay I (4; 4;%).

b) Ap dung cong thitc tinh toa dd trong tam theo toa dd cac dinh ctia tam giac MNP,

tacd G (3+5+4; 7+1—4-; 2—1—2), hay G (4' i; _ l)
3 3 3 3 3

Cau 8: Trong khong gian Oxyz, cho hai vecto @ = (1;0;5) va b = (1;3;9).
a) Biéu dién hai vecto d@ va b qua cac vecto don vi 7, ], k
b) Biéu dién hai vecto d + bvaz2a qua cac vecto don vi 7,7, k, tir d6 xac dinh toa d6 cua hai vecto do.

Lo giai

a) Taco: d = (1;0;5) =T+ 5k; b = (1;3;9) = T + 3] + 9k.

+7+437+9k =20+ 3]+ 14k. Do dé, d + b = (2;3; 14)

&

b)Tacé:d+b=1+5
2d = 2(1 + 5k) = 27+ 10k. Do d¢, 2d = (2; 0; 10)

Cau 9: Vi céc gia thiét nhu trong Vi du 5, hdy xac dinh toa d6 caa cac chiéc may bay sau 10 phut tiép

theo (tinh tir thoi diém may bay ¢ diém B).
Loi giai

Goi D(x; y; z) la vj tri cua may bay sau 10 phut bay tiép theo (tinh tir thoi diém may bay ¢ diém B). Vi

huéng cua may bay khong dbi nén AB vaBD cung hudng. Do van téc may bay khong d6i va thoi gian
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bay tr A dén B bing thoi gian bay tir B dén D nén AB = BD. Do d6, BD = AB = (140; 50; 1).

. x — 940 = 140 x = 1080
Mat khac: BD = (x —940; y — 550; z — 8) nén {y —-550=50 & {y = 600
z—8=1 z=9
Vay D(1 080; 600; 9). Vay toa do cia may bay trong 10 phut tiép theo 1a (1080; 600; 9).
Cau 10: Cho ba diém A(2;0;2),B(1;2;3),C(2; 1; 2).
a) Tim toa do cua cac vecto ﬁ, B_C: CA. b) Tinh cac d¢ dai AB, BC, CA.
Loi giai
a)Taco: AB = (1—2;2—0;3—2) = (—1;2; 1);

BC=2-11-22-3)=(1;-1;-1)

CA=(2-2;0-1;2-2)=(0;—1;0).

b) Tacé: AB = |ﬁ| = \/(—1)2 +22 +12 =6

BC = |BC| =12 + (-1)2 + (-1)2 = V/3;

CA=|CAl =02+ (-1)2+02=1.

CAu 11: Trong VAt li, ta biét riing néu lwc F tac ddng vao mot vat va 1am vat dich chuyén theo
doan thang tir M dén N, thi cong A sinh bai luc F dwoc tinh bang cong thirc A = F - MN. Hay giai

quyét bai todn dwoc datra & phan Khéi dong.
Loi giai

Theo bai toan néu & phan Khé&i dong thi trong khong gian Oxyz, mot ngwoi da tac dong mot luc
khong d6i F = (2; 3; —1) vao mot vat dang & géc toa dd O va 1am cho vat dich chuyén thing tir 0
dén diém M(1;2; 1).
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Ta c6 OM = (1;2;1). Tr d6 ta tinh dwgc cong sinh ra béi luc Fla:
A=F-OM=21+324+(-1)-1=7
Nhuw vay cong sinh ra béi luc F trong tinh huéng nay la A = 7 (J).

Cau 12: Trong tinh huéng ma dau, hiy tinh d6 16n cua goc a.

Lo giai

Theo Vi du 6 ta co: A’B’ = (—120; 0; 300); |A’B’| = 60v/29cm, 0'(0; 450; 0), A’ (240; 450; 0)
Do d6, A’0" = (—240;0;0) = [A’0’| = 240 cm

A'B"AT07  (~120)(-240)+0.0+300.0 _ 2v29
|A’B’|-|A’O’| 601/29.240 29

Ta c6: cos (A'B’; A'0") =
= BA’0' ~ 68°. Vay a ~ 68°

Cau 13: Trong khdng gian Oxyz, cho tam giac ABC ¢ A(x,; ¥4; 24), B(xg; vg; zg) Va C(x¢c; Ye; Zc).
a) Goi M la trung diém cua doan thang AB. Tim toa d cua M theo toa d6 cua A va B.

b) Goi G la trong tdm cua tam gidc ABC. Tim toa d6 cua G theo toa d6 cua A va B va C.

Lo giai
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Taco: 0A = (xA;yA;ZA);O—g = (xp; V5; ZB)'R: = (x¢; Ve 2¢)

Xy = XAZXB
a) Vi M la trung diém cta AB nén OM =~ (04 + 0B) = { yy = 222
ZptZp

ZM = -

2

. XAtXB YAtYB ,ZatZp
DodO,M( T, )

b) Vi G la trong tam cuia tam giac ABC nén 0G = g(ﬁ + 0B + 00)

( xA+xB+xC
X = 3
ﬁl G_)’A"‘J’B +yC.DOdé,G<xA+xB+xC;yA+yB +yC;ZA+ZB +Zc>_
3 3 3 3
Zy+2zp + 2z
ZG_ 3

Cau 14: Trong khéng gian Oxyz, cho bén diém A(0; 1; —2), B(2; —1;3),C(1;3; —2),D(5; —1; 8).
a) Ba diém 4, B, C c6 thang hang khong?
b) Chitng minh rang hai dwong thang AB va CD song song v&i nhau.
Loi giai
a) Tir toa do ciia ba diém d cho, ta tinh dwgc AB = (2;—2;5),AC = (1;2;0). Vi # = nén hai
vecto 4B, AC khong cung phuong.
Suy ra ba di€ém 4, B, C khong thang hang.
b) Ta cé CD = (4; —4; 10). Xét toa do cua hai vecto AB,CD, ta thay:

4 -4 10

2 -2 5
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Cac d&ng thirc trén chirng to AB va CD 14 hai vecto cung phwong. Suy ra AB va CD song song hoac
trung nhau. Nhuwng hai dwong thiang nay khong thé trung nhau (do 4, B, € khong thang hang). Vay

AB//CD.
Cau 15: Cho tam gidc ABC c6 A(7; 3;3),B(1; 2;4),C(2;3;5).
a) Tim toa d6 diém H 1a chan dwong cao ké tir A cia tam giac ABC.
b) Tim d6 dai canh AB va AC.
c) Tinh géc A.
Loi giai
a) Tac6 BC = (1;1; 1).
Goi H(x; y;z) 1a chan dwdng cao ciia tam giac ABC ké tr A.
Suyraﬁ =(x—1y—2,z—4).
ﬁcungphuongvéiﬁ,dodéx—l =ty—2=tz—4=tsuyraH(1+¢t;2+¢t;4+1).
Tac6 AH = Xy — X3V —Var Zy — 24) = (t—6;t —1;t + 1).
AH 1BC®AH-BC=0ot—6+t—1+t+1=0o3t=6o1t=2.
Suy ra H(3; 4; 6).

b) Ta c6 AB = (—6; —1;1); AC = (—5;0;2), suy ra

AB = /(=6)2 + (=1)2 + 12 = V38, AC = /(=5)% + 02 + 22 = /29.

AB-AC _ 30+0+2

32 A .
aBAC = T - Taeae suyra A = 15,43".

c)cos A=
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Cau 16: Trong khong gian véi hé toa d6 Oxyz, cho A(1;0;0),B(0;0; 1) va C(2; 1; 1).
a) Chirng minh rang 4, B, C khong thang hang.
b) Tinh chu vi ctia tam giac ABC.
c) Tinh cos ABC.
Loi giai

a) Tac6: BA = (1;0; —1),BC = (2;1;0).Suyra BA = (1;0; —1) # kBC = (2k; k; 0) v&i moi k €

R. Viy ba diém A4, B, C khong thang hang.

b) Ta thay:

BA =12 + 02 + (-1)2 = V2,

BC = /22 + 1% + 02 = /5,

AC=VEF 2+ 12 =13

Vay chu vi cta tam giac ABC bing v2 + V3 + /5.
c) Ta cé:

_ — . BA-BC 1:240-1+(-1)-0 2 10
cos ABC =cos (BA,BC) = ———= = = .
|BA| - |BC| V245 Vio 5

Cau 17: Hinh 37 minh hoa so d6 mot ngbi nha trong hé truc toa do Oxyz, trong d6 nén nha, bon

birc tworng va hai mai nha déu 1a hinh chir nhat.

a) Tim toa d0 ctia cac diém A,H va F.
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b) Tinh gbc ddc cia mai nha, tirc 1a tim s6 do ctia géc nhi dién c6 canh l1a dwdng thang FG, hai mat

lan lwotla (FGQP) va (FGHE) (Iam tron két qua dén hang phan mwoi cua do).

(2504

Gid o573

Ei 0 3

Bid ;50

CHO A - A ¥
Hinde 37

Lo giai

a) Vi nén nha la hinh chir nhat nén t& gidc 0ABC lahinh chirnhit, suyrax, = x5 = 4,y = yg = 5. Do
A ndm trén truc Ox nén toa dd diém A 13 (4; 0; 0). Twdng nha 13 hinh chit nhat nén ti gidc OCHE 1a
hinh chi¥ nhat, suy rayy = yo =5, zy = zg = 3. Do H nam trén mit phang (0yz) nén toa do diém H la

(0; 5; 3).

T& gidc OAFE 1a hinh chit nhat nén x; = x, = 4;zz = zg = 3. Do F nam trén mat phang (0zx)

nén toa do diém F l1a (4; 0; 3).

b) P& tinh géc d6c cia mai nha, ta di tinh s6 do cua géc nhi dién c6 canh 1a dwong thang FG, hai
mit 14n lwot 1a (FGQP) va ( FGHE). Do mat phang (0zx) vudng géc v&i hai midt phang (FGQP) va

(FGHE) nén goc PFE 12 goc phing nhi dién &ng véi goc nhi dién d6. Ta cé: FP = (—2;0; 1), FE =

(—4;0;0).
— — FP-FE
Suy ra cos PFE = cos (FP,FE) = FEIFE
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~ (=2)-(=4)+0-0+1-0 _2v5
CJE2Z+ 02+ 12 [ (024 02+ 02 5

Do d6, PFE =~ 26,6°. Viy gbc doc ciia mai nha khodng 26, 6°.

Cau 18: Trong khong gian Oxyz, cho t&x dién ABCD véi A(1;3; —2),B(3;2;—4),C(2; 1;0),

D(3;5;-1).

a) Chirng minh rang AB 1 CD.

b) Chirng minh rang BCD 1a tam giac déu.

c) Tinh s6 do ctia AMD vé&i M 14 trung diém ctia BC (lam tron két qua dén hang don vi).
Loi giai

a) T gia thiét, ta tim dwoc AB = (2;-1; —2),@ = (1;4; —1). Suy ra:

AB-CD = 2.1+ (=1) -4+ (=2) - (—1) = 0. Ping thirc nay ching té AB L CD.

b) Tinh ba canh ctia tam giac BCD :

ViCD = (1;4;—1)nén CD = |CD| = \[12 + 42 + (=1)? = V18 = 3V2.

Dé tinh hai canh BC va BD, ta ap dung cong thirc tinh khodng cach gitra hai diém va co:

BC = |BCl=+/(2—-3)2+ (1 —2)2+ (0 — (—4))? = V18 = 3v2;

BD = |BD| =/(3=3)2+ (5 — 2)2 + (=1 — (—4))? = V18 = 3V2.
Tl ba dang thitc trén suy ra BCD 1a tam giac déu.

¢) Ta c6 AMD = (MA, MD).
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Vi M 1a trung diém ctia BC nénMG;%;—Z).Suyra:
MZ—( 3,3 0) ‘M_D’—(l ’ 1)
- 212' va - 2'2;

Ttr d6 ta tinh dwoc:

cos (M4, MD) =

Vay (MA, MD) = 54,74°, hay AMD =~ 55°.

Cau 19: M6t chiu ciy dwoc dat trén mot gia dé c6 bén chan véi diém dit S(0; 0; 20) va cac diém
cham mét dat ctia bon chan lan lwot la A(20; 0; 0), B(0; 20; 0), C(—20; 0; 0), D(0; —20; 0) (don vi
cm). Cho biét trong lwc tac dung 1én chiu ciy c6 do 16m 40 N va dwoc phin bé thanh bon luc

Fl), E), FT,, Fj c6 do6 16n bang nhau nhw Hinh 4 . Tim toa do clia cac lwc ndi trén (moi centimét biéu

dién 1 N).

]
2T

—

o ) 5]

Hint 4

Lovi giai

T& gidc ABCD c6 hai dwong chéo bang nhau va vudng goc véi nhau tai trung diém ciia moi dwdng

nén la hinh vuong.

Ta c6 SA = (20; 0; —20),SE = (0;20; —20),SC = (—20; 0; —20),SD = (0; —20; —20),
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suyraSA = SB = SC = SD = 20v/2.Do d6 S - ABCD 1a hinh chép tir gidc déu.
Cac vecto Fl), Fj, FT,, Fj c6 diém dau tai S va diém cudi lan lwotla A’,B',C’,D’.
Tac6SA' =SB' =SC' =SD'nén S - A'B'C’'D’ cling 1a hinh chép t& giac déu.

Goi Fla trong lwc tac dung 1én chiu cay va 0’ 1a tdm cda hinh vuéng A'B'C'D’. Ta c6:

F=F +F,+F;+F, =SA +SB" +SC" + SD’ = 450’

Ta c6 |F| = 40, suy ra [SO| = SO’ = 10.

Do tam giac SO'A’ vuéng can nén SA' = SO'VZ = 10v2 =254,
suyraF, = SA' = %S_A) = (10; 0; —10).
Chrng minh twong tu, ta cling c6:

1

F, = 2SB = (0;10;—10),F; = -5C = (~10;0; —10),F; = 25D = (0; —10; -10).

55



