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» BAI €. (’'NG DUNG HINH HOC CUA TiCH PHAN
@), Tom tat kién thac

1. Dién tich hinh thang cong
@ Hinh phang gi¢i han b&i d6 thi ham sd, truc hoanh, x=a va x=b
© Hamso f (x) lién tuc trén doan [a ;b].
@ Truong hop f(x)>0 trén [a;b],
@ Khi d6 dién tich hinh thang cong gidi han boi do thi f (x) , Ox vahai duong thang

b

r-a,X=b: S=| f(x)dxl.

Truong hop f(x)SO trén [a;b], ta co —f(x)zo

5 hinh thang cong aABb = S hinh thang cong aA'B'b .

© (aA'B'b la hinh d6i xitng ctia hinh thang da cho qua truc hoanh).
b

© Dodé: $=5,,, =S, =|(~f(x))dx
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@ Tong quat:
© Dién tich ctia hinh phang gi¢i han boi d6 thi ham s6 f(x) lién tuc, Ox va hai

duong thang « - «, x=b dwoc tinh:
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-
@ Chuy
® Giasitham s6 y = f(x) lién tuc trén [a;b]. Néu f(x) khong d6i ddu trén [a;b]

thi: jj‘f(x)dx: j:f(x)dx

@ Hinh phang gi&i han béi d6 thi ham so, x=a va x=b

©® Chohamso y= f(x) va y =g(x) lién tuc trén doan [a;b]. Goi D 1a hinh phéng gidi
han béi d6 thi hai ham s6 d6 va duong thang ..., [«:b].

@ Xét truong hop f(x)=g(x)Vxe[a;b]

Ox
© Goi S la dién tich hinh thang cong gidi han boi {x=a va y= f(x) Y= g(x).
x=>b

© Khi d6 dién tich: S=j|f(x)—g(x)‘dx.

a

77\ y = f(x)

Ol a b

~

& Téng quat:
© Dién tich ctia hinh phang giéi han boi d6 thi ham s§ f (x) va g(x) va hai duong

thang ,.,.., [#:t] duoc tinh: S=_[|f(x)—g(x)‘dx

2. Thé tich hinh khéi:

# BPinh nghia
© Goi Bla phan vat thé gidi han boi hai mit phang vudéng goc véi truc Ox tai cac diém
« va b, S(x) la dién tich thiét dién ctia vat thé bi cat boi mit phang vudng goc vdi

truc Ox tai diém X, (a <x< b)




© Giast p , laham sO lién tuc trén doan [a;b]
© Khi d¢, thé tich caa vat thé E dwoc xac dinh: |V = jS(x)dx )

3. Thé tich khdi trén xoay:
# Dinh nghia
© Thé tich khdi tron xoay duoc sinh ra khi quay hinh phang gi¢i han béi y = f (x),

Ox, va hai duong thang x =a, x=b quanh truc Ox: |V = TFI f? (x) dx

b

a

®. Phan dang toan co ban

+Dang @: Xay dung cong thirc tinh dién tich theo hinh vé

@ Phuong phdp

Xdc dinh cong thitc dién tich hinh phing:

]
]

]

]

Buwdc 1:
Buwdc 2:

Bwoc 3:

Bwoc 4:

Xéc dinh d6 thi ciia cadc ham s6 duoc cho trén hinh vé.
Xac dinh cdc vi tri twong giao gitta cac do thi.

b
Ap dung cong thiic tinh dién tich S= Hf(x) —g(x)‘dx .

Pha tri tuyét ddi: Ldy cong thitc ham s6 ctia d6 thi nam trén trir cong thiic

ham s6 ctia d6 thi nam dwdi

Xdc dinh cong thitc thé tich khoi tron xoay:

® Buéc1:
© Buwdc2:

Xéc dinh d6 thi cia cac ham s6 dwoc cho trén hinh vé.
Xac dinh cac vi tri twong giao gitra cac do thi.

b
@ Budc3: Ap dung cong thiic tinh dién tich V = 7rj f? (x)dx .

=Cac vi du minh hoa



Cau 1: Goi S 1a dién tich mién hinh phang dugc td6 dAm trong hinh vé bén. Xay dwng cong thitc tinh
S?
}J
}7 = f(x)

/—1 0| 1" x

Loi giai
Thay rang do thi ham s& yzf(x) cittruc Ox taibadiém x=-Lx=Lx=2.
2 1 2 1
Do do S=”f(x)‘dx:I[f(x)—O]dx+I[0—f(x)]dx=J'f(x)dx—jf(x)dx.
-1 1 1 -1 1

Cau 2: Cho do6 thi y = f(x) nhu hinh vé bén. Xac dinh cong thirc dién tich mién dwoc gach soc &

hinh bén.
Lovi giai
y=-x"+3
Tacé: (H):qy=x>-2x-1.
x=-Lx=2

Ta c6: S= .2[ (—x2 +3)—(x2 —2x—1)}dx = j.(—sz +2x+4)dx (do trén doan [—1;2] phan
-1 -1
d6 thi y=—x+3 nim trén dd thi y = x* —2x-1).

Cau 3: Cho ham s6 y = f(x) lién tuc va c6 do thi nhw hinh bén. Goi D 1a hinh phéng gi¢i han béi

do thi ham s6 da cho va truc Ox. Quay hinh phing D quanh truc Ox ta dwoc khdi tron
xoay c6 thé tich V' dworc x4c dinh theo céng thirc gi?
y
3

O] N_/3 x

Loi giai
3
Thé tich khéi tron xoay khi quay hinh phang D quanh truc Ox: V = wj[f(x)]z dx
1

5



Cau 4: Cho hinh phang (H) gioi han boi d6 thi cia ham s f, (x) va f, (x) lién tuc trén [a; b] va

duong thiang x =a, x=b. Cong thirc tinh dién tich ctia hinh (H) 1a?

o AL

oo e  ~oN\s >
Loi gidi
Théy rang do thi ham s6 y = f,(x) cdt y = £, (x) tai hai diém x=c;x=c,.
Xéttrong [ a;c,|: f,(x)= £,(x);
Xéttrong [c;c, |: f,(x)< f,(x) va
Xéttrong [ c,;b | f,(x) = f,(x)

vy = [16) (= U)o 0 e ) e

+Dang @: Dién tich hinh phing gi¢i han béi y=f(x), Ox va x=a, x=b
@ Phuong phdp
y=f(x) ,
© Dién tich hinh phing gidi han: { Ox —S=|f(x)dx
xX=a,x=>b “
© D€ phd bo dau gid tri tuyét d6i ta thuwong lam nhu sau:
© Buoc 1: Giai f(x) =0 tim nghiém x,,x,,...,x, € (a;b) (a <x, <x,<..<x, < b) .

© Buwdc 2: Tinh S:T‘f(x)‘dx+T‘f(x)‘dx+...+j-‘f(x)‘dx

j flx

@ Chii y: Ngoai cach trén, ta ¢ thé dya vao do thi d€ bd dau gia tri tuyét doi.

+ +ot

jf x)dx _[f )dux

=~Cac vi du minh hoa
Cau 1: Dién tich S cda hinh phang gi¢i han béi do thi ham s§ y = x°, truc hoanh Ox, cic dwdng
thang x =1, x =2 bang bao nhiéu?

Loi giai



2

A ey I L, <, x®
Dién tich hinh phangla S =!‘x ‘dx = Jl.x dx =?

8 1.7
3 3 3

1

Cau 2: Dién tich hinh phang gi¢i han béi d6 thi ham s6 y = (x—Z)2 —1, truc hoanh va hai dwong
thing x=1,x =2 bang

Loi giai
i . 2 x=1
Xét phwong trinh (x—2) -1=-0< 3
X =

Tacé:S:i(x—Z)Z—qu:jA‘xz—4x+3‘dx: -
1 1

.Zf(xz —4x+3)dx
1

w|N

Cau 3: Tinh dién tich S cta hinh phang gi¢i han bé&i y=x*—2x, y=0, x=—4, x=1
Loi giai

] X
Xét phwong trinh hoanh do giao diém: x> -2x=0< {

x =
X —o0 0 2 4o
VT + 0 — 0 +

-4 0

Dién tich: S= _Jl]xz —Zx‘dx = _T(xz —2x)dx—Jl.(x2 —Zx)dx =£%3—x2j

=38.

Cau 4: Tinh dién tich S cta hinh phing gi¢i han b&i db thi ham s y = x° —1, truc hoanh, truc tung
va dwong thang x =2.
Loi giai

Phwong trinh hoanh do giao diém x* -1=0< x =1.

x 0 1 2
-1 - 0 +

S= ”x3 —1idx = l.‘xg —l~dx+i.‘x3 —].‘dx = j).(l—x3)dx+:[(x3 —1)dx

Cau 5: Thé tich khdi tron xoay do hinh phing gi¢i han béi cac dwong v = \/; ,truc Ox va hai dwong
thiang x =1; x =4 khi quay quanh truc hoanh dwoc tinh b&i cong thirc nao?

Loi giai



Thé tich khdi tron xoay gi¢i han boi d6 thi ham s6 y = Jx, truc Ox, x=1va x=4 dwoc
4 ) 4

tinh b&i cong thire V = ’/TJ.(\/;) dx = 7rj xdx.
1 1

+Dang @: Dién tich hinh phéng gi¢i han b&i y=£(x), y=g(x) va x=a, x=b
@ Phuong phdp

y=f(x) b
© Di¢n tich hinh phing gidi han: {y=g(x) —S=[|f(x)-g(x)dx.
x=a;x=b ‘

@ DE€ pha bo dau gia tri tuyét d6i ta thwong lam nhw sau:

© Buoc 1: Giai f(x) = g(x) tim nghiém x,,x,,..., x, € (a;b) (a <x, <X, <.<x, < b).
X, X, b
@ Buwdc2: Tinh S= ”f(x)—g(x)‘dx+ ”f(x)—g(x)‘dx+...+ I ‘f(x)—g(x)‘dx

J(F(x)=g(x))ax

a

X

[(F(x)-g(x))ax

X

+

+ot j.(f(x)—g(x))dx

X

@ Chii y: Ngoai cach trén, ta c6 thé dwa vao d6 thi d€bd dau gia tri tuyét doi.

w"Cac vi du minh hoa
Cau 1: Tinh dién tich hinh phing gi¢i han b&i ham s6 y=x*—4x°+4, y=x°, dwong thing x=0,
x=1

Loi giai
1 1
Dién tich hinh phang can tim 1a: § = [|x* —4x* +4—x*|dx = [|x* ~5x* +4|dx
0 0

Vi x* —5x? +4:(x2 —1)(x2 —4)20 Vxe[O;l]

x° 5x® 115 ,.38
0 5 3 15°

Nén S=j(x4 —5x° +4)dx:[€—?+4x
0

Cau 2: Hinh phang gi¢i han béi cac duwong cong y = x(l—x) va y=x°—x c6 dién tich bing?
Loi giai
x=0

x(l—x)x3—x<:>x3+x2—2x0<:{x—2
x=1

Goi Sla dién tich hinh phdng gi¢i han béi cac dwdong cong y = x(l—x) vay=x-x.



Khidé S= j"x3+x2 —2x‘dx= jﬂxs +x° —2x‘dx+j“x3+x2 —Zx‘dx
) b 0

j.(x3 +x%— Zx)dx

-2

8,59 (g4
3 12 12

+

_1[(353 +x%— 2x)dx
0

Cau 3: Tinh dién tich ctia hinh phang gi¢i han béi cac duwong:
(1) y=e*,y=x"-1Lx=-1x=1;(2) y:sinx,y:x,ng,x:w.
Lo gidi
(1) y=e',y=2"-Lx=-1x=1;

Xét x e [—1;1] : {e"(;ol) >0 =" _(xZ _1) >0

=

e’ —(x2 —1)‘ =e" —x? +1.

Dién tich S:j' o _(xz —1)‘dx
21
1
_ j(e —x? +1)dx:(ex_x_3+xj 3et+de-3
N 3 1 3e

(2) y=sinx,y=x,x:%,x:7r.

, T . . . .
Xét xe{g;w}: sinx<l<x =sinx—x<0 :>|smx—x|:x—smx.

Dién tich § = ﬁsinx—x‘dx = ]-(x—sinx)dx = (%Zﬂzosx]

2 2

Cau 4: Tinh dién tich cta hinh phang gi¢i han béi cac dwong:
(1) y=e,y=x°,x=0,x=1;(2) y:cosx,y:x+1,x:g,x:7r_
Lovi giai

(1) y=e",y=x°,x=0,x=1;

*>1 >1
Xét xe[O;l] {ez hay {e 1::>e"—x2 >0 =
x —x* > -

, ex_xZ‘:ex_xz
<1

1

=e——.

1
D@nﬁdls=j
) 3

x .2 i x .2 x X
e’ —x ‘dx=£(e -X )dxz(e —?J

9

0

y=a'—1

y =sinx




(2) y=cosx,y=x+lx=—,x=m.

T
2

Xétxe{g;w} ccosx<l<x+l= cosx—(x+1)< 0

3‘COSX—(X+1)‘ =x+1—cosx.

Dién tichS = .ﬂcosx —(x +1)‘dx

2

w 2 " 2
:I(x+l—cosx)dx: * x—sinx :37T AT +8
J 2 . 8
2 2
2_
Cau 5: Tim a d€ diéntich S cta hinh phang gi¢i han boi (P):y - ix, duong thang d:y=x-1
x_
va x=a, x=2a (a>1) bang In3?
Loi giai
x* -2

Dién tich hinh phang gi¢i han béi cac dwong (P):y =

1x’ dwong thiang d:y=x-1

vax=a,x=2a (a>1) la

2a
-]

Doa>1néna=2.

2a a=

x?—2x dxzj.

x-1

B 1
x-1

2a-1
a-1

—(x-1) dx:‘ln‘x—l

2a
a

a=

:‘ln ‘:ln3<:>

Gls N

+Dang @: Thé tich vat thé tinh theo mat cit vudng goc truc hoanh
@ Phuong phdp
@ Goi B la phan vat thé gi¢i han boi hai mat phang vudng géc véi truc Ox tai cac diém a
va b, P, ladién tich thiét dién cua vat thé bj cdt boi mit phang vudng goc véi truc

S(x) tai diém or X

§
:

@ Giast P, laham sg lién tuc trén doan [a;b]

@ Khi d06, thé tich ctia vat thé [# dwoc xac dinh: B

=~Cac vi du minh hoa

10



Cau 1: Tinh thé tich V ctia phin vat thé gi¢i han bdi hai mat phang x =1 va x =3, biét rang khi cat
vat thé b&i mit phang tiy y vudng goc véi truc Ox tai di€m c6 hoanh do x (1< x <3) thi

duoc thiét dién 1a mot hinh chit nhat c6 hai canh 13 3x va x?
Loi giai
Ta c6 dién tich thiét dién: S (x) =3x.x? =3x°.
3
s 3,13
Khidé V = J3x3dx ="x""=60.
1 4 1
CAu 2: Tinh thé tich V ctia vat thé nam gitra hai mit phang x =0 va x =7, biét rang thiét dién clia
vét thé b cat boi mét phing vudng goc véi truc Ox tai diém c6 hoanh do x (0<x< 7r) 1a
mot tam gidc déu canh 2+/sinx .

Lo giai

Ta c6 dién tich thiét dién: S(x)= (2\/sinx)2 .? —3sinx.

23,

V= J.S dx I@smxdx-—fcosx
0

Cau 3: Cho phan vat thé ( ) gi¢i han béi hai mat phang c6 phwong trinh x=0 va x =2. Cit phin
vat thé (S) b&i mit phang vudng goc véi truc Ox tai diém c6 hoanh do x (0 <x< 2), ta

duoc thiét dién 1a mot tam gidc déu cé dd dai canh bang x+/2—x . Tinh thé tich V cla
phén vat thé (S) :

Lo giai

x2(2—x)x/§.

Ta c6 dién tich thiét dién: S(x)= 7

—xz(z_x)\/gdxzﬁj‘x( dx_fj @(2 : lx“jz_

4 (3 4

_\3
<

Cau 4: Cho hinh phing (H) dworc giti han boi dudng cong y =+/m? —x* (m 1atham s6 khac 0) va
truc hoanh. Khi (H)quay xung quanh truc hoanh dwoc khdi tron xoay c6 thé tich V. C6
bao nhiéu gia tri nguyén cia m dé V <1000 .
Lovi giai
Phwong trinh hoanh d6 giao diém ctia dwong cong va truc hoanh la:

m’—x*=0x=+m

11



Thé tich vat thé tron xoay can tinh la:

|
V=r j (m2 —xz)dxzw(mzx—%fj

i

‘m‘ A7rm? ‘m‘
~fm| 3

4 2
Ta c6: V <10007 < %‘m‘ <10007 <> \mf <750 < —3750 <m < 3750.

Ta c6 3750 ~9,08 va m#0.
Suy ra, c4c gid tri m nguyén 1a m e {-9;-8;-7,-6;-5,-4;-3,-2;-1,1;2;3;4;5;6;7;8;9}
Vay c6 18 gia tri nguyén cia m.
+Dang @: Thé tich khéi tron xoay
@ Phuong phdp

y=f()

quanh truc Ox.
Ox;x=a;x=0

& Xoay mién hinh phdng giéi han: {
© Buoc 1: Giai f(x):0<:> x:c;ce[a;b].
b
© Buoc2:Tinh V = FI(f(X))Z dx
w"Cac vi du minh hoa

Cau 1: Tinh thé tich khdi tron xoay sinh ra khi quay hinh phang gi¢i han béi cdc dwong sau xung

quanh truc Ox: y=2x-x°,y=0,x=0,x=2.

Lo giai
LA ( 2\ 167
Thé tich khoi tron xoay V = wI(Zx—x ) dx = TR
0

Cau 2: Thé tich cua khdi tron xoay tao thanh khi quay hinh phang gi¢i han béi @6 thi ham sé

N Nz \ 2 Tt N N
y =+tanx, truc hoanh va cac duwong thang x=0, x = 2 quanh truc hoanh la

Lovi giai
4 4 s n
o s i s P sinx 2 min2
Theé tich khoi tron xoay can tinhla V = 71.[ tan xdx = nj dx =-m ln‘cos xH“ =
0 v COSX 0 2

Cau 3: Tinh thé tich khdi tron xoay tao thanh khi quay hinh phang (H) gi¢i han béi cdc dwong cong

quay quanh truc hoanh

(1) y=+2+sinx,0xva x=0, x=7;(2) y=x?+3, y=0, x=0, x=2.
Loi giai

(1) y:m,OXVé x=0,x=m

12



Ta co: V=7rJﬂ.(\/2+sinx)2dx=7rj.(2+sinx)dx =7r(2x—cosx)‘ =27r(7r+1).

0 0 0
(2) y=x*+3, y=0, x=0, x=2.

, (2. o\ L 202
Tacé: V= 7r'|.<x +3) dx = Wj(x +6x +9)dx =—
0 0 5
Cau 4: Khoi chom ciu c6 ban kinh R va chiéu cao & (O <h< R) sinh ra khi quay hinh phang giéi

han béi cung tron c6 phwong trinh y =+ R? —x” , truc hoanh va hai dwong thang x =R—h

, X =R xung quanh truc Ox. Tinh thé tich cta kh6i chom cau nay.

Lo giai

Ta c6 thé tich cia khdi chdm cau la

R x3 R 3 h3
V=7rj (Rz—xz)dx=7r(R2x——J :w{Rz.h—Rh(R—h)——}:w[ha——J.
2 3 ) . 3 3

©. Dang toan rén luyén

+Dang @: Cau tric nghiém nhiéu phwong 4n lwa chon
Cau 1: Cho ham s6 f(x) lién tuc trén R. Goi S 1a dién tich hinh phing gi¢i han boi cc dwong

y=f(x),y=0,x=-2 va x=3 (nhw hinh v&). Ménh dé nao du¢i day diing?

% |

O 3

2

13



1 3

A. S:—:[f(x)dx—.!.f(x)dx. B. sz_j:f(x)dx—jf(x)dx.

C. s:-jzf(x)d“!f(x)dx. D. S:j;f(x)dx+jf(x)dx.
Lo giai

Chon B

Taco S :_j]f(x)‘dx:_j;‘f(x)‘dx+j‘f(x)‘dx:jzf(x)dx—j:f(x)dx.

1
Cau 2: Cho ham s6 y = f(x) lién tuc trén doan [a;b]. Goi D 1a dién tich hinh phang gi¢i han boi
do thi (C):y = f(x), truc hoanh, hai dwong thing x=a, x=b (nhw hinh vé& du6i day).

Y

a

%O b =

Giad str S, 1a dién tich hinh phang D. Chon cong thirc ding trong cac phwong an A, B, C, D

cho duwoi day?

A. S, :jjf(x)dx+:[f(x)dx. B. S, :—J.f(x)dx+_[f(x)dx.

C. SD:jjf(x)dx—_If(x)dx. D. SDz—jf(x)dx—If(x)M.

Loi giai
Chon B
+ Nhin do6 thi ta thay:

« D0 thi (C) cit truc hoanh tai O(0;0)
e Trén doan [a; O], d6 thi (C) & dwédi truc hoanh nén ‘f(x)‘ = —f(x)

e Trén doan [O;b], do thi (C) & trén truc hoanh nén ‘f(x)‘ = f(x)

+Do dé: S, :Z”f(x)‘dx ::”f(x)‘dx+2[‘f(x)‘dx :—;ff(x)dx+jjf(x)dx.

CAu 3: Dién tich cta hinh phang dwgc gi¢i han bai do thi hamsd y = f (x) , truc hoanh va hai dwong

thing x=a, x=0b (a < b) tinh theo céng thirc nao dwéi day ?
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a / b

A. S:j.f(x)dx+j.f(x)dx. B. Szj.f(x)dx.

C s_—jf dx+'|‘f D.S=

Loi giai
Chon C

Dién tich cta hinh phang dwoc gi¢i han béi do thi ham s6 y = f(x), truc hoanh va hai

duwong thang x=a, x=0 la:
b c b c b
S :Hf(x)‘dx:Hf(x)‘dx+”f(x)‘dx:—J.f(x)dx+.|.f(x)dx
Cau 4: Goi S 1a dién tich hinh phdng gi¢i han béi cac dudng y = f(x), truc hoanh va hai dwong

thing x=-3, x=2.Ddta= jf dx b= jf
-3

Vi %
—3 O 1 _

Ménh dé nao sau day la dang.
A. S=a+b. B. S=a-b. C.S=-a-b. D.S=b-a.

Loi giai
Chon D

Ta co S:Jz;‘f(x)‘dx:Jl]f(x)‘dx+j.‘f(x)‘dx:—_t f(x)dx+i.f(x)dx:—a+b.

Cau 5: Cho ham s8 y = f(x) lién tuc trén doan [ a;b ] c6 do thi nhw hinh bén va ce[a;b]. Goi S 1a
dién tich ctia hinh phing (H) gi¢i han béi db thi ham s§ y = f(x) va cac dwong thing

y=0, x=a, x=b.Ménh dé nao sau day sai?
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YA

A S= j dx+jf B. S=j'f(x)dx—jlf(x)dx.

C. S:j“f(x)‘dx. D. S=jf(x)dx+jf(x)dx
Lovi giai

Chon A

Ta cé:

S:i‘f(x)‘dx:_:[f(x)dx+j[—f(xﬂdx:;ff(x)d j x)dx = jf dx+.|.f

c

Cau 6: Dién tich hinh phang dwoc gi¢i han bai d6 thi ham s6 y = 3x, truc hoanh va hai dwong
thang x=1, x=8 1a

AR B. % . . %
Loi giai

Chon A

Ta c6 —I\fdx— x3 =£.

Cau 7: Dién tich hinh phdng gi¢i han boi d6 thi ham s6 y = (3(—2)2 -1, truc hoanh va hai dwong
thing x=1,x=2 bang

Al B2 ¢.3 p. !
3 3 2 3
Lovi giai
Chon B
Ta cé:S:j (x—2)2 —J.‘dx:j‘xz —4x+3‘dx: j(xz —4x+3)dx zg.
1 1 1

Cau 8: Tinh dién tich S hinh phing giéi han béi cac dwong v =x° +1,x=-1,x =2 va truc hoanh.

A. 5=16. B. 5=6. C.SZE. D. $=13.

6
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Loi giai
Chon B

2 2
Taco: S= ”xz +1‘dx= J.(xz +l)dx =6.
-1 —
Cau 9: Goi S 1a dién tich cta hinh phang gi¢i han béi cidc dwong y=2", y=1, x=0, x=2. Ménh

dé nao dwdi day sai?

A. szj 2*-qu. B. 5:42”1—2" dx. C szi(l-z’f)dx. D. S:j.(zx—l)dx.
0 0 0 0
Lo giai
Chon C
Xét xe[0;2],taco 2°>2° < 2 >1 nén [2" —1‘:2"—1.
Dién tich hinh phing cin tinh 1a S =j 2 —].‘dx =ﬁ1—2" dx =i(2" ~1)dx.
0 0 0

Cau 10: Hinh phdng gi¢i han boi cac dwong y =4+2x— x?, y= x*, x=-1, x=2 c6 dién tich 1a
A. 9 dvdt. B. 12 dvdt. C. 15 dvdt. D. 6 dvdt.
Loi giai
Chon A
x=-1

Taco: 4+2x—x? =x2<:>—2x2+2x+4=0<:>{ )
X =

Dién tich hinh phang gi¢i han béi cac dwong y=4+42x~— x?, y= x2, x=-1,x=21a

2

=9 (dvdt).

-1

( 2 .2 f 2 , 2x°
S=U4+2x—x —x ‘dx=j(4+2x—2x )dx={4x+x _Tj

Cau 11: Cho hinh phiang D gi¢i han b&i dwong cong y =x°+1, truc hoanh va cic dwong thing
x =0,x =3. Khdi tron xoay tao thanh khi quay D quanh truc hoanh c6 thé tich V bang

AV =12r. B.V=%. C.V =32r. D. V =0r.

Loi giai
Chon B

V= wj(xz +1)2 dx :@.

0
CAu 12: Dién tich hinh phdng gi¢i han béi d6 thi ham s§ y = cosx, truc tung, truc hoanh va dwong
thing x =7 bang

17



A. 1. B. 3. C. 2. D. 4.
Loi giai
Chon C

Hoanh do giao diém cta d6 thi ham s6 y =cosx va truc hoanh la nghiém phwong trinh

cosx:0c>x:2+k7r.Xéttrén [0;7r] suy ra ng

Dién tich hinh phang cAn tinh 13 S =

o t—r| 3

cos xdx—J-cos xdx=2.
%
Cau 13: Dién tich S ctia hinh phing gi¢i han b&i d6 thi ham s6 y=x°, truc hoanh Ox, cic dwong

thang x=1, x=21a

7 8
A. 5=8. B.S5=—. C.S=—. D.5=7.
o 3 3

Loi giai
Chon B
A e 11y IR 2, <, 2 81
Dién tich hinh phang la S:.ﬂx ‘dx:.lfx de? :é—éz

1

w|~

Cau 14: Cho ham s6 y = f(x) lién tuctrén R vathéamén f(0)<0< f(-1).Goi S la dién tich hinh

phdng gi¢i han béi cac duwong y = f(x), y=0, x=-1va x=1.Xét cic ménh dé sau

(1) S:J.f(x)dx+”f(x)‘dx. (2) S:j“f(x)‘dx.

1 1
(3) S= f(x)dx. (4) S=|[ f(x)dx].
-1 -1
S6 ménh dé dung la
A.3. B.1 C. 4. D. 2.
Loi giai
Chon B

Ta ¢6 dién tich hinh phng gi¢i han boi cac dwong y = f(x), y=0, x=-1va x=11a
1

$=[|f(x)|dx nén (2) ding.

-1

Do f(0)<0< f(-1) nén S:j.f(x)dx sai.

Twongtw S =

_tf(x)dx

saiva S= J.f(x)dx+”f(x)‘dx sai.
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Cau 15: Khéi chom ciu c6 ban kinh R =3 va chiéu cao h =1 sinh ra khi quay hinh phang gi¢i han
béi cung tron c6 phwong trinh y =+/9—x*, truc hoanh va hai dwong thing x=2, x=3

xung quanh truc Ox . Tinh thé tich kh6i chom cau nay.

A.Sl. B. 2. c. 107 D. .
3 3
Lo giai
Chon A
2 x ; 8
Ta c6 thé tich khéi chém caula V = wj(g 2 )dx - 7{99( —?j =5
2 2

Cau 16: Cho tam gidc vudng OAB c6 canh OA =a nam trén tuc Ox va AOB = % .

Y B

O _— l €
ZJ

Goi (3 1a khoi tron xoay sinh ra khi quay mién tam giac OAB xung quanh truc Ox .

3
A. 31a°. B. 1a°. c ™ p. ™
3 9

Lo giai

Chon B

Do OB di qua géc toa d6 va tao véi Ox mot goc % nén OB:y = tan%.x = x/gx .

Khi d6, thé tich cia khéi 3 1a: V = (J§x)2 dr = [3x*dy = || =’ (avtt).
0 0

Céu 17: Goi S, S, lan lwotla dién tich hinh vudng canh bang 1 va dién tich hinh phdng gi¢i han boi
cac duong y = x? +1, y=0, x=-1, x=2. Khang dinh nao sau day diung?
A. S5 =S,. B.S >S,. C. 25 =5,. D. 65, =S,.
Loi giai

Chon D
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S =1

1

Ta co =65, =85,.

S, = ﬂxz +1-0[dx =6
-1

Cau 18: Goi (H) 1a hinh phing gi6i han béi cac dwong y=x>+x-2, y=2x+4, x=1va x=4.Cho

dién tich hinh phang (H) bang % (dvdt), voi a,beN va % 12 phan sé t6i gidn. Gia tri

T =a+b bang:

A. T=67. B. T=25. C. T=T76. D. T =23.
Lovi giai

Chon A

4 4

Ta c6 dién tich hinh phang (H) bang S = H(x2 +x— 2)—(2x+ 4)‘ dx = ”xz —x- G‘dx :
1 1

Phuong trinh x° —x—6=0 c6 nghiém x =2 (loai), x =3(nhan).

Suyra S = +

]j(xz —x—6)dx

- 22 17 61
js‘(xz—x—ﬁ)dx‘:?+€:€.

Dodbé a=61va b=6.
Viy T=a+b=67.

Cau 19: Cho tam gidc vuébng OAB c¢6 canh OA =a nam trén tuc Ox va AOB= a(O <a< %j . Goi

(3 la khéi tron xoay sinh ra khi quay mién tam gidc OAB xung quanh truc Ox . Tinh thé
tich V ctia 3 theo a va «.

y B

O _—1 l €

mtan® a.a® 3rtan® a.a® c ™ sin® a.a® D 2ncos’a.a’
A. 3 . > . T T
Lori gidi
Chon A

Do OB di qua goc toa dd va tao véi Ox mot goc o nén OB:y =x.tanc.

20



Khi d6, thé tich cua khéi 3 1a:

a a a

V= 7r_|-(x.’ca1r1oz)2 dx = 7 tan? aszdx =
0 0

mtan® a.x®
3

_ wtan® a.a’

(dvtt).

b

Cau 20: Cho mot m6 hinh 3D mé phong mét dwdrng hdm nhw hinh vé bén.

Chiéu dai ciia dwong hAm mo hinh 1a 5cm , mat phang vudéng goc véi mat day cia duwdong
ham tao dwogc thiét dién la mét hinh parabol, thiét dién c6 d6 dai canh day gip doéi chiéu
cao. Tinh thé tich khong gian bén trong dwong hAm mé hinh, biét chiéu cao clia mdi thiét

2
dién parabol cho béi cong thircy = 3—gx (donvila cm), voi x la khoang cach tinh tir

16i vao 16n hon cia dwong hdm mé hinh. Két qua lam tron dén hang don vi.
A. 29. B. 30. C. 28. D. 31.

Loi giai
Chon A
Xét mot thiét dién parabol c6 chiéu cao la h va d¢ dai day 2h va chon hé truc Oxy nhw
hinh vé bén

Y

2y

o n
Parabol (P) c6 phwong trinh (P): y =ax®+h, (a<0)
Co B(h;O)e(P) < 0=ah’+h @az—% (doh>0)
L o in o 1, 4, 2
Dién tich S cua thiét dién: S = J. —Ex +h dx:T, két hop chiéu cao h =3—gx
“h

2
Ta dwoc dién tich thiét diénla S(x)= 2(3—%) .
Thé tich khong gian bén trong cia duwdng hAm mo hinh:
; s4(, 2 Y
V=[$(x)dx= j—(s——xJ dx ~ 28,888
! 137 5
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Vay V =29 (cm3) .

Cau 21: C4c nha kinh té st dung dwong cong Lorenz dé minh hoa sy phan phdi thu nhip trong mot
qudc gia. Goi x 1a dai dién cho phan tram sé gia dinh trong mét qudc gia va y la phan
trdm tong thu nhdp, moé hinh y=x sé dai dién cho mdt qudc gia ma cac gia dinh c6 thu
nhdp nhw nhau. Pwong cong Lorenz y = f(x), bi€u thi sy phan ph6i thu nhip thuc té.

Dién tich gitra hai mé hinh nay, véi 0<x <100, biéu thi “sw bat binh dang vé thu nhap”
cia mdt quoc gia. Nam 2009, duwong cong Lorenz cia Hoa Ky cé thé dwgc mé hinh héa

béi ham s6 y = (0,00061x” +0,0224x +1,666)2 ,0<x <100,
Trong d6 x dwoc tinh tlr cic gia dinh nghéo nhit dén gidu c6 nhit. Sw bt binh dang vé
thu nhip ctia Hoa Ki vao nam 2009 c6 gia tri gin nhat véi gia tri nao dwdi day?
A. 7922,9. B. 2922,9. C. 2085,5. D. 2077,1.
Loi giai
Chon C

Su bit binh dang vé thu nhap cta Hoa Ki vao nim 2009 1a dién tich hinh phang S gi¢i
han bé&i hai d6 thi:

y=x

100
y =(0,00061x" +0,0224x +1, 666)2 = 5= [|(0,00061x" +0,0224x+1, 666)2 —x|dx.
x=0;x=100 ’

Str dung mady tinh cim tay, ta dwgc S ~ 2085,5.

Cau 22: Cho mét céi coc thiy tinh hinh tru ban kinh day 1a 6 cm, chiéu cao 1a 10 cm dang dwng mot
lwgng nwéce. Tinh thé tich lwgng nwéce trong coc, biét khi nghiéng coc nwdce vira luc khi
nwéc cham miéng cdc thi & ddy mwc nwdc trung véi dwong kinh day?

]
e R
A. 240 cm?®. B. 250 cm?®. C. 245 cm®. D. 249 cm®.

Loi giai
Chon A
Coc hinh tru ¢é ban kinh R =6 c¢cm, chiéu cao #=10 cm..

Gan hé truc toa d6 nhw hinh vé bén
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Mot mit phang thy y vudng goc véi truc Ox tai diém x (-6 < x <6) cit vat thé theo thiét
dién c6 dién tich 1a S(x).
Ta théy thiét dién d6 1a mot tam gidc ABC vudng tai B nhw trong hinh vé.

n 5(36-x")
R 6

Ta cé S(x):S =1AB-BC :EBC2 tan o :E(RZ —xz)
2 2 2

ABC

6 5(36—x2)

6
Vay thé tich lwong nwéc trong cocla V = I S (x)dx = I dx =240 cm®.
-6

b) Tim « sao cho thé tich V 1én nhat.

z N N ;. ™
Xétham so y =tano voi 0<a£z.

Tacé: y' = —>0,Vae 0;z nén ham sé y = tan« dong bién trén 0,'z )
Ccos” « 4 4
2 3 3
Khi do, y=tana£tan%=l,‘v’ae(0;%} :>V:7Ttan3 aa SW;Z .

Pang thirc x4y ra khi tana=1 hay a = % :

+Dang @: Cau tric nghiém ding, sai

Cau 1: Cho ham s6 f(x) lién tuc trén [a;d] va c6 d6 thi nhw hinh vé. Biét do thi f(x) cat truc
hoanh tai 4 diém a,b,c,d, ddng thoi tao véi truc hoanh va 2 dudng thing x=a,x=d

thanh mot hinh phing (H) gbm 3 phan c6 dién tich Ian lwotla S, S,,S, nhw hinh vé.

23



&
§
Q
o
§
a,

Y

N

R

b o

e

Xét tinh dling, sai cia 4 ménh dé sau:

(@ s, = J.f(x)dx

® 5. =fl7(x)

d

(c) S, :—J-f(x)dx

c

(d) S, =ff(x)dx—jf(x)dx+jf(x)dx

a b

Lovi giai
(@ s, = J.f(x)dx.

b
Dwa vao hinh vé, ta cé: S, = jf(x)dx.
» Chon DUNG.

(b) S, =—ﬁf(x)\dx.

Dwa vao hinh vé, ta cé: S, =”f(x)‘dx:—'[f(x)dx (do f(x)SO,xe[b;c]).

» Chon SAIL

d

(c) S, =—J.f(x)dx.

Dua vao hinh v&, ta ¢6: S, = :ﬂf(x)‘ dx = jl[f(x)dx (do f(x)=0,xe[c;d]).

» Chon SAIL

b

(d) S(H) :If(x)dx—jf(x)dx+]lf(x)dx.

a b c

24



Dua vao hinh v& 1 c: 5, = | (x| e F(x) e £(x)dx+ J ()

b

» Chon PUNG.

Cau 2: Cho hai ham s f(x)=-x"+4 va g(x)=x—1.Xét tinh dung, sai clia cic ménh de sau:

(a) Dién tich hinh phang (Hl) tao boi f(x),Ox va hai duong thang x=-3,x=3 1a

3
Sy = [F(ax=T

-3
(b) Dién tich hinh phang (H,) tao b&i f(x),Ox va hai dwong thing x=-2,x=2 Ia
2
32

(c) Dién tich hinh phing (HS) tao boi g(x),Ox va hai duong thiang x=-3,x=3 1a

1

S(Hg) = J.g(x)dx+_j[g(x)dx =6

(d) Dién tich hinh phing (H,) tao béi g(x),Ox va hai dudng thing x=-3,x=3 Ia

1 3

S(H4) =—Ig(x)dx+.l[g(x)dx=10.

-3
Loi giai
(a) Dién tich hinh phing (H,) tao béi f(x),Ox va hai dudng thing x=-3,x=3 I3
F 46

Ta co: S(Hl) = ”f(x)‘dx =—.

-3
» Chon DUNG.
(b) Dién tich hinh phang (H,) tao boi f(x),Ox va hai dwong thing x=-2,x=2 Ia

‘ 32
S, = [ f(x)dx= 5

2

Tact: S, = [|f (0= £ (x)x= % (o f(x)z0xe[-2:2])

-2

» Chon DUNG.
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(c) Dién tich hinh phang (HS) tao boi g(x),Ox va hai dwong thang x=-3,x=3 1a
1

S(H3) = jg(x)dx+]jg(x)dx =6.

1
Ta co: S Hg ‘dx:—jg( dx+Ig dx 10 (do g( )<O,xe[—3;1] va
-3
g(x) >0,xe [1;3] ).
» Chon SAL
(d) Dién tich hinh phing (H,) tao béi g(x),Ox va hai duong thing x=-3,x=3 Ia

1

S(H4)= _[g dx+.[g dx 10.
-3

Ta c6: S, :j]g( x)|dx = —Jl;g dx+jg x)dx=10 (do g(x)<0,xe[-31]
g(x)=0,xe[13]).
» Chon DUNG.

Cau 3: Cho ham s6 y = f(x) lién tuc trén | -3;3] c6 dd thi nhw hinh vé, Biét rang f(x) tao voi truc

hoanh va 2 dudng thang x =-3,x =3 mot hinh phang (H) gom 2 phin c6 dién tich IAn
lwotla S, S,.

———————0 QN
8Y

Xét tinh dung, sai cia 4 ménh dé sau:

(a) S(H) :_[f(x)dx

(b) S, = =1

J% 2x+4 dx
2

(c) S, = f(x+3)dx+ .1[ 2dx+j-(—2x+4)dx
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(d) S, =5, - (—2x+4)dx

N'-—-.w

Lo giai
x+3,  xe[-3-1]
Xéthams8 y = f(x), tacé: f(x)=12, xe[-11]
~2x+4, xe[1;3]

(a) S(H) = J.f(x)dx.

Ta co: S(H) = ”f(x)‘dx

-3

» Chon SAL

(b) S, = =1.

j- 2x+4 dx|=
2

Do f(x)=—2x+4£0,xe[2;3] nén S, :j'|—2x+4|dx =1.
2

j —2x+4)dx
2

» Chon DUNG.
(© S, = f(x+3)dx+ j 2dx+j'(—2x+4)dx .
-3 -1 1

Dwa vao hinh vé, ta cé: S, = _ZHf(x)‘ _Il(x+3 dx+ I 2dx+_[ 2x+4)dx.
-3

» Chon DUNG.

() S, =S5, -

N'—.w

( 2x+4)d

Ta c6: S, ”f ‘dx=Sl+Sz=Sl—i(—2x+4)dx.
2

» Chon DUNG.

Cau 4: Cho khéi chép déu cé day l1a hinh vudng canh L va chiéu cao la /. Chon truc Ox sao cho goc
O trung v&i dinh ctia khoi chép va truc di qua tAm cta day. (nhw hinh dwéi).
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Y a

(a) b4y ctia khéi chép nam trén mit phang song song véi Ox.
(b) M&i mit phing vudng géc véi truc Ox tai diém c6 hoanh do bing x (0<x<h), cit
khdi chép theo mat cat 1a hinh vudng canh 4.

, L
(c) Dién tich mat citla S(x)= Exz.

. , 1
(d) Thé tich ctia khéichépla V = 3 I*h.

Loi giai
Yk
/ P
. a L -
o T
x

h

(a) bay cta khéi chop ndm trén mit phang song song véi Ox .

D4y cua khdi chép ndm trén mit phang vudng goc véi Ox tai x=h.

» Chon SAL

(b) Mdi mit phang vudng gdc voi truc Ox tai di€ém c6 hoanh do bang x (0 <x< h), cat
khdi chép theo mat cat 1a hinh vudng canh 4.

Moi mit phang vudng goc voi truc Ox tai di€ém c6 hoanh do bang x (O <x< h), cat khoi
chép theo mit cdt 1a hinh vudng c6 canh 1a a.

» Chon DUNG.

, L
(c) Dién tich mat citla S(x)= sz'
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L
Theo dinh li Tha-les, ta c6 ,suyra a= . —X.

wlx
N\hh\a\m

2

Do do, dién tich cia mit cit nay la S( ) xZ.

hz
» Chon SAL
(d) Thé tich ctia khéichépla V = %Lzh.

e 1
Thé tich cia khoi chép nayla V = J‘ dx I —X 2 dx h2 3 = §L2h.

» Chon DUNG.
Cau 5: Cho d6 thi ham s6 y =e” va hinh dwoc t6 mau nhw dwdi.

Yl

__T_/

—1 O

(a) Hinh phing dwgc t6 mau gi¢i han béi 3 dudong

1
(b) Dién tich hinh phang dwoc tinh b&i cong thirc S = I(ex )2 dx

. 1
(c) Dién tich hinh phang S=e——
e

62

(d) Thé tich khéi tron xoay khi quay hinh phing d6 quanh truc Ox 14 V = %w[ez —ij
Loi giai
(a) Hinh phing duoc t6 mau gi¢i han béi 3 duong.

Hinh phidng d6 gi¢i han béi bon dwong y =e”, truc hoanh va hai dwong thang x=-1,
x=1.
» Chon SAIL

1
(b) Dién tich hinh phang dwoc tinh béi cong thirc S = J.(e" )2 dx .
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eX

1 1

Ta c6 dién tich hinh phang S = J' dx = Ie" dx.
O a

» Chon SAL

. 1
(c) Dién tich hinh phang S=e—~.
e

1
. 1
Ta c6 dién tich hinh phang S = jex dx=e"| =e——.

1
-1
he €

» Chon DUNG.

N

(d) Thé tich khéi tron xoay khi quay hinh phang d6 quanh truc Ox 12 V = %w(@z —ij

Ta c6 thé tich khéi tron xoay khi quay hinh phang dé quanh truc Ox 12

%4 :le.(ex)z dx:wjezxdx zﬁ{%ezx l J—%W(ez _eiz)'
] e 1

Cau 6: Cho db thi ham s6 y=x"-3x+2 va y=x-1va S,;S, 1a phan dién tich phan dwoc t6 nhw

» Chon DUNG.

trong hinh duéi.

A

(a) Dién tich hinh phing giéi han béi @6 thi ham s6 y=x"-3x+2 va y=x-1 1a
3
J.(—xz +4x—3)dx

0

4
(b) 5 = 5
(c) 5,=5,
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ién tich hinh phang gi¢i han boi do thihamso y=x"—-ox+2; y=x-1; x=0; x=
(d) Dién tich hinh ph3 &i han b&i do6 thi ham s6 y 2-3 2;y 1 0 3

1a j(—x2+4x—3)dx=1.

0
Lo giai

(a) Dién tich hinh phing gié¢i han béi do thi ham s6 y=x"-3x+2 va y=x-1 1a
3
J.(—x2 +4x—3)dx.

0

Dién tich hinh phéing gi¢i han béi dd thi ham s6 y=x"-3x+2 va y=x-1 1a

3

I(x—l—(x2 —3x+2))dx=!(—x2 +4x—3)dx.

» Chon SAL
(b) S, =%.
S, =E|1;(x2 —3x+2—(x—l))dx=J:.(x2 —4x+3)dx =[%3—2x2 +3xj ;=%—2+3=%_
» Chon PUNG.
(c) S, =S,.
3 h x® 3
S, = [ (-1~ (#" ~3x+2))dx = [ (~2" + 4x~3) dx :[_?uxz _3x} X
1 1

=-9+18-9- —1+2—3 _4
3 3
Vay S, =S5, .
» Chon DUNG.
(d) Dién tich hinh phing gi¢i han béi d6 thihams6 y=x°-3x+2; y=x-1; x=0; x=3

1a T(—x2+4x—3)dx=1.
0

Dién tich hinh phéng gi¢i han b&i db thi ham s6 y=x*-3x+2; y=x-1; x=0; x=3 12

3 , 8
.(U—x +4x—3‘dx:Sl+S2 :§.

» Chon SAIL
Cau 7: Goi (H) 12 hinh phang gi¢i han boi cadc dwong y =—sinx, y=1, x= a(O <a< 7r), X=m.

(a) N&u a =~ thidién tich cia (H) bang 0.
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(b) Néu a=0 thi dién tich cia (H) bang 7+2.

(c) Néu dién tich ctia hinh (H) laS=n-a +g thi = 1as8 nguyén chia hét cho 9.
a

(d) Néu dién tich ctia hinh (H) la §' thi Isin xdx=S"-7m-a.

a
Lo giai

(a) Néu a = thidién tich cia (H) bang 0.
Néu a = thidién tich cia (H) bing ]T.|1+ sinx|dx =0.

» Chon DUNG.
(b) Néu a=0 thi dién tich cia (H) bang m+2.

b) bung.
Néu a =0 thi dién tich cia (H) bang 2[‘1+ smx‘ dx = .(|J.(1+ smx)dx = (x—cosx)‘o =T+2
» Chon DUNG.
() Néu dién tich ctia hinh (H) 1a S=n—a +g thi = 14 s6 nguyén chia hét cho 9.
a

Dién tich ctia hinh (H) 1a

S= ].‘1+ sinx‘dx = :r(1+ sinx)dx :(x—cosx)

a

™

=m+1-a+cosa.

a

Theo dé, ta c6: S=7r—a+g

s

A 3 1 X
Nén 7r+l—a+cosa:7r—a+5 <:>cosa=§<:>a= (viO0<a<m).

w

L, T
Do do, — =
a

=3 va khong chia hét cho 9.

w33

» Chon SAIL

(d) Néu dién tich ctia hinh (H) 1a §' thi [sinxdx=5'-m—a.

a

Dién tich cta hinh (H) la:
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S'= hl+ sinx‘dx =Jﬂ.(1+ sinx)dx = x[ +]-sinxdx = 7r—a+jlfsinxdx

a a

:>J.sinxdx=5'—7r+a.

a

» Chon SAL

— _ 2
Cau 8: Trong mit phang Oxy, chohamsé ¥~ x+x vay=r+x,
(a) Hoanh d6 giao diém cda do thi hai ham s6 trénla x =0 hodc x=-1

(b) Dién tich hinh phing gi¢i han béi d6 thi hai hAm s6 trénva x =0, x =1 dwoc tinh theo
1

cong thirc S = J.(\/;—xz )dx
0

(c) Dién tich hinh phang gi®i han b&i do thi hai hAm sé trénva x =0, x =1 dwoc tinh theo

cong thirc S = j.(x+x2)dx —Jl.(x+\/;)dx
0

0
2 A . . \ ~ A \ & 1
(d) Dién tich hinh phang gi¢i han béi do thi hai ham s6 trénva x=0, x =1 bang 3 dvdt
Lo giai
(a) Hoanh d6 giao di€ém cda d6 thi hai ham s6 trénla x =0 hodc x=-1.
Phwong trinh hoanh giao d6 giao diém cda hai d6 thi ham sé trén la

x=0

x+lx=x+x> ©ox=x* c{ L
x:

» Chon SAL
(b) Dién tich hinh phang gi¢i han b&i d6 thi hai ham s6 trénva x =0, x =1 dwoc tinh theo

1
cong thirc S = J‘(\/;—xz)dx.
0
Dién tich hinh phang dwgc gidi han béi cac dwong y = x+ \/;, y= x+x°, x=0, x=1 la:

S= (x+\/;)—(x+x2) dx

O e

=g¢;_xz

dx :j;(\/;—xz)dx.

» Chon DUNG.
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(c) Dién tich hinh phang gi¢i han b&i do thi hai ham sd trénva x =0, x =1 dwoc tinh theo

1 1
cong thirc S:J.(x+x2)dx—j(x+\/;)dx
0 0
Dién tich hinh phang dwoc gi¢i han béi cac duong y=x+ \/;, y= x+x%, x=0, x=1la:

(x+x/_) (x+x)

o'—.n—\

[(x+f) (x+x2)}dx (Vix+\/;2x+x2Vxe[O;1] ).

o'—,H

(x+()dx J.(x+x2)dx.
» Chon SAL
(d) Dién tich hinh phang gi¢i han b&i do thi hai ham sd trénva x =0, x =1 bang % dvdt.

Dién tich hinh phang dwoc gi¢i han béi cac duwong vy =x+ \/;, y=x+ x*, x=0,x=11a

= 1 dvdt.
3

2 1
3 3

» Chon SAL

Cau 9: Cho hinh phing (H) giéi han béi cac duomg y =x*+3, y=0, x=0, x=2.Xét tinh diing sai

ciia cic ménh dé sau:

(a) Cong thic tinh dién tich hinh phing (H) 1a: S, = (x +3)d

o!—.m

(b) Dién tich hinh phéng (H) béng %

(c) Cong thirc tinh thé tich khdi tron xoay sinh ra khi quay hinh phang (H) xung quanh
2
2
truc Ox la: V = [(x* +3) dx.
0

(d) Thé tich khdi tron xoay sinh ra khi quay hinh phang (H ) xung quanh truc Ox bang

202
2,

Loi giai

(a) Cong thirc tinh dién tich hinh phéng (H) 1a: S (x* +3)dx.

o'—.w

(1)~
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2

Cong thic tinh dién tich hinh phing (H) 1a: S, = [(x*+ 3) dx.
0

» Chon PUNG.

A e 11 2 26
(b) Dién tich hinh phang ( ) bang 3
PR \ ( 26
Dién tich hinh phang (H) la S(H) J.(x +3)d ?
0

» Chon DUNG.

(c) Cong thirc tinh thé tich khdi tron xoay sinh ra khi quay hinh phang (H) xung quanh

truc Ox la: V = Jz.(xz +3)2 dx.
0

Cong thirc tinh thé tich khéi tron xoay sinh ra khi quay hinh phang (H) xung quanh truc
2 2

Ox la: V =7[(x* +3) dx.
0

» Chon SAL

(d) Thé tich khdi tron xoay sinh ra khi quay hinh phang (H) xung quanh truc Ox bang
202

e
Thé tich khéi tron xoay sinh ra khi quay hinh phang (H ) xung quanh truc Ox la:

p 2 202
V= (x+3) dx= 22T,
0
» Chon DUNG.
Cau 10: Khéi chém ciu ¢6 ban kinh R =5 va chiéu cao & =1 sinh ra khi quay hinh phang gi¢i han
béi cung tron c6 phwong trinh y =+/25-x?, truc hoanh va hai dwong thing x=4, x=5

xung quanh truc Ox.

(a) Khoang cach tlr tAm cuia khdi cAu dén khoi chém ciu bang 3.
5

(b) Theé tich ctia khéi chom cau V, dwoc tinh theo cong thirc V, = 7TJ.(25 x )
4

: LA 2 14
(c) Thé tich ctia khoi chém cau V, = madly

e 1 o o N W i1 s 1s N A
(d) Goi V, 1a thé tich ctia nira khoi cau c6 ban kinh bang 5. Ti s6 thé tich —+ =

Loi giai
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(a) Khoang cach tir tAm cuia khdi cAu dén khoi chém ciu bang 3.
Khodng cach tir tAm cta khéi cAu dén khdi chom ciu bang 5-1=4.
» Chon SAL

5
(b) Thé tich ctia khoi chdm cau V, dwoc tinh theo cong thirc V, = 7rJ'(25 x )
4

Thé tich cia khoi chém ciu dwoc tinh theo cong thirc
5 ) 5

V, = wj\/25—x2 dx = WI(ZS—xZ)dx
4 4

» Chon PUNG.

" ’ " 14
(c) Thé tich ctia khoi chém cau V, = Tﬂ

5 3
] L2 w1 14
Ta c6 thé tich kh6i chom ciula V = [(25-x")dx = {2&—%} = Tﬁ
4 4
» Chon DUNG.
. \ ~ 4 2 2 N A 7 7 e ¥ 2 ~N ~ 4 V 7
(d) Goi V, Ia thé tich cta nira khoi cau c6 ban kinh bang 5. Ti s6 thé tich 71 =1k
2
S Y . 14 5 250
Goi V, la theé tich ciia nira khoi cau c6 ban kinh bang 5. Taco V, = E.gw.S 3"
14 14
V]
Suyra — 3 _ L
V, 250 125
3
» Chon DUNG.

Cau 11: Cho tam gidc vuébng OAB c6 canh OA =a nam trén tuc Ox va AOB= a(O <a< gj Goi
(3 1a khdi tron xoay sinh ra khi quay mién tam giac OAB xung quanh truc Ox.

y B

O_— l Z
z’
3

(a) Khi o =% thi thé tich V ctiakhdi 3 1a % (dvtt).
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3

(b) Khi =% thi thé tich V ctia khéi 3 1a % (dvtt).

dra®

() Khi thé tich V ctakhsi 3 1a

NS 1
thi gia tri cosa <E.

3
(d) Khi tan = cote thith& tich V ctia khéi 3 1a %

Loi giai
3

(a) Khi =§ thi thé tich V cta khéi 3 1a % (dvtt).

Do OB di qua goc toa d6 va tao véi Ox mot goc % nén OB:y = tan%x =x.

a 3| 3
Khi do, thé tich cita khéi 3 theo V = [xdx = % - % (dvtt).
0

0

» Chon DPUNG.

3

(b) Khi o =% thi thé tich V ctia khéi 3 1a % (dvtt).

' X
Do OB di qua goc toa do¢ va tao v&i Ox mdt goc % nén OB:y = tan%x =—.

73

. . o x ) ©x? Pl I
Khi d6, thé tich ctia khéi 3 theo V =7 [| = | dx=n["-dx="" =-— (dvtt).
0 \/5 0 3 9 9

0

» Chon DUNG.

dra®

(c) Khi thé tich V ctakhsi 3 la

o 1
thi gia tri cosa < >
Do OB di qua goc toa dd va tao véi Ox mot goc o nén OB:y =tana.x.

a
_ wtan® a.x3| _ wtan® o’

Khi d6, thé tich cila khdi 3 theo V = (tana.x)" dx ="
0

| (dvtt).

4ra® - mtan’ aa®  Ama®

Do V = =tan’a+1=5= cosa =

otan’a=4=—
3 3 CoSs” «

Sk

T
Mat khac 0<o<<§ nén cosa =

-

» Chon DUNG.

3
(d) Khi tana = cota thith&tich V cdakhéi 8 1a %
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Ta c6: Do OB di qua goc toa d6 va tao véi Ox mot géc « nén OB:y =tana.x.

a

_ mtan® a.x’
3

_ wtan® a.a’

Khi do, thé tich cita kh6i 3 theo V =7 (tana.x) dx (dvtt).
0

o
Do tana = cota = tan’ o = cota.tana =1< tana = +1.

2 3 3
Mgtkhdc 0<a <7 nén tana =1 =V - “a“3 o _ ”‘3? (dvtt).

» Chon PUNG.

Cau 12: Cac nha kinh té€ st dung duwdng cong Lorenz dé minh hoa sw phan phéi thu nhip trong méot
qudc gia. Goi x 1a dai dién cho phan tram s6 gia dinh trong mét qudc gia va y la phan
tram tong thu nhap, mo hinh y =x sé dai dién cho mdt qudc gia ma cic gia dinh c6 thu
nhap nhw nhau. Pwong cong Lorenz y = f(x), biéu thi sw phan phoi thu nhip thuec té.
Dién tich giira hai m6 hinh nay, véi 0<x <100, biéu thi “sw bat binh dang vé thu nhap”
cia mot qudc gia. Nam 2005, dwong cong Lorenz cua Hoa Ky cé thé dwoc mo hinh héa
b&i ham so

y=(0,00061x* +0,0218x +1,723) ,0<x <100,

Trong d6 x dwoc tinh tir cac gia dinh nghéo nhat dén giau cé nhat (Theo R.Larson, Brief
Calculus: An Applied Approach, 8th edition, Cengage Learning, 2009)
Xét tinh dung/sai ctia cdc khang dinh sau:

(a) Tinh theo thir tw tir cic gia dinh nghéo nhat dén giau nhit, tong thu nhip thuc té cta
60% céc gia dinh d4u tién chiém chwa dén 30% so v&i tong thu nhip cla toan bé cac gia
dinh.

(b) Néu sdp xép cac gia dinh theo thir tw tir nghéo nhat dén gidu nhit, roi chia thanh 10
nhom bang nhau tir 1 dén 10, téng thu nhip cla cic gia dinh trong nhém 3 chiém khoang
8,56% tong thu nhip ctia toan b cac gia dinh.

(c) Sw bat binh ding vé thu nhap ciia Hoa Ki ndm 2005 dwoc x4c dinh bé&i cong thirc:

T{x—(o, 00061x% +0,0218x +1, 723)2de

0
(d) Sw bat binh ding vé thu nhap ctia Hoa Ky nam 2005 di vuot qua 2000.
Loi giai
(a) Tinh theo thi tw tir cic gia dinh nghéo nhit dén giau nhit, tong thu nhip thuc té cta

60% cac gia dinh d4u tién chiém chwa dén 30% so v&i tong thu nhip cia toan b cac gia
dinh.

Tinh theo th tw tir cic gia dinh nghéo nhit dén giau nhat, tong thu nhip cta 60% cac
gia dinh ctia d4u tién chiém ty 1é trong téng thu nhép la: f(60) =27,321529(%) .
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» Chon DUNG.

(b) Néu sdp xép cac gia dinh theo thir tw tir nghéo nh4t dén gidu nhit, roi chia thanh 10
nhém bang nhau tir 1 dén 10, téng thu nhap cua cac gia dinh trong nhém 3 chiém khodng
8,56% tong thu nhép ctia toan bd cac gia dinh.

Néu sdp xép cac gia dinh theo thir tw tir nghéo dén giau, roi chia thanh 10 nhém bang
nhau, m6i nhém chiém 10% s6 gia dinh ctia Hoa Ky.

Téng thu nhip cta 30% s6 gia dinh (la cac gia dinh thuéc nhém 1,2,3 ) chiém ty 1é trong
tong thu nhip cta tit ca cac gia dinh la:

£(30)=8,561476 (%).

Toéng thu nhép cia 20% sé gia dinh (la cac gia dinh thuéc nhém 1,2 ) chiém ty 1é trong
téng thu nhip cda tat ca cac gia dinh la:

£(20)=5,774409 (%).

= Ty 1€ ctia tong thu nhip cac gia dinh nhém thir 3 so vé&i toan bo cac gia dinh la:
£(30)- £(20)=2,787067(%).

» Chon SAL

(c) Su bat binh dang vé thu nhip cla Hoa Ki ndim 2005 dwoc xac dinh béi cong thirc:
100
| [x—(O, 00061x2 +0,0218x +1, 723)2de.

0

Su bit binh dang vé thu nhap cta Hoa Ki vao nim 2005 1a dién tich hinh phang S gi¢i
han bé&i hai d6 thi:

y=x
100
y =(0,00061x* +0,0218+1,723)2 = S= [ |(0,00061x +0,0218x +1, 723)2 — x|dx.
x=0;x=100 ’
Cach 1:

Str dung may tinh cadm tay, ta thy phwong trinh (O, 00061x” +0,0218x +1, 723)2 -x=0c¢b
hai ngiém x=a;x=b (a < b) thudc [0;100] .
Xét ddu biéu thire g(x)=(0,00061x" +0,0218x+1,723) ~x ta duge:

| © a b 100
g(x) | + 0 - o0 +

100 a b 100
Suyra: S= '[‘g(x)‘dx=”g(x)‘dx+ﬂg(x)‘dx+ J. ‘g(x)‘dx.
0 0 a b
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b

jg(x)dx

a

100

Ig(x)dx :

b

a

jg(x)dx

0

+

+

100

_:[g(x)dx—;fg(x)dx+ _b[ g(x)dx.

Cach 2:

100

St dung mdy tinh cam tay ta duoc: S = [ ((0,00061x +0,0218x +1, 723)2 — x|dx ~ 2068,9
0

Kiém tra phép tinh ctia dé bai, ta c6:
100
j [x —(0, 00061x? +0,0218x +1, 723)1dx —2059,3131.

0
» Chon SAL
(d) Sw bat binh ding vé thu nhip ctia Hoa Ky nam 2005 di vuot qua 2000.
Sw bt binh ding thu nhip ctia Hoa Ky nam 2005 Ia:

100

- |

0

» Chon DUNG.

+Dang @: Cau tric nghiém tra loi ngin

(o, 00061x” +0,0218x +1, 723)2 — x|dx ~2068,9.

Cau 1: DS thi trong hinh dudi day 1a ctia ham s6 y = f(x).
YA

—2 @) 1 T

0 1
Biét I f(x)dx = B;Jf(x)dx =—1. Tinh dién tich phn hinh phing t6 ddm trong hinh.
-2 0
Loi giai
Traloi: 4
Tir do thita c6 f(x)=0,Vxe[-2,0] va f(x)<0,Vxe[0;1].

Do ds S=j]f(x)‘dx:i‘f(x)‘dx+.:”f(x)‘dx=j2f(x)dx—if(x)dx

S=3-(-1)=4.
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Cau 2: Tinh dién tich S cta hinh phdng gi¢i han bdi cic dwong y = x* +2x+1, truchoanh, x =1 va
x=2.
Lovi giai

Traloi: 7,75

2
Dién tich hinh phdng cAin tim1a S = _Hx3 +2x +1‘ dx = 371 =7,75.
1

Cau 3: Thé tich khéi tron xoay sinh ra khi quay hinh phing gi¢i han béi cac dwong: y =3x+x%,
y =0;x=0;x =3 quanh truc Ox bang bao nhiéu (lam tron dén hang don vi)?
Loi giai
Tra loi: 789
; 2 2511
V=wj(3x+x2) dx = T
10

0

~789.

Cau 4: Khéi chdm cau c¢6 ban kinh R =3 va chiéu cao & =g sinh ra khi quay hinh phang gi¢i han

b&i cung tron c6 phwong trinh y =+/9—x?, truc hoanh va hai dwong thdng x = g, x=3

xung quanh truc Ox. Tinh thé tich khoi chom ciu nay (lam tron két qua dén hang phan
chuc).

Lo giai
Tra 10i: 17,7

3

X

3 3
Ta c6 thé tich khéi chém caula V =7 j (9 —x° )dx — 77(93( _?j _dom
3

—=17,7.
8

3

2 2
CAu 5: Tinh dién tich ctia hinh phing gi®i han béi cac duong: y=8-x2, y=3x2, x=—/2, x=+2
(két qua lam tron dén chir s6 thip phan th 2)
Loi giai
Traloi: 15,08
Tacé: 8—x° =3x" < 8-4x" =0 < x=—/2 hoic x=+/2.
Dién tich cta hinh phang gi¢i han b&i cac dwong y=8- x?, y= A% x= —\/E, X = \/5 la:

3242

3

NG

i

2 A 4’
S= [ [8-x*-3x"|dx = | (8—4x2)dx:£8x—?] ~15,08 (dvdt).
&

&
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2

Cau 6: Tinh dién tich cta hinh phdng gi&i han béi cac dwong: y=+/2x, y= %, x=0, x=2 (két

qua lam tron dén chir s6 thip phan thi 2)

Loi giai
Traleoi: 1,33
x>0

i x? %20 x>0 x=0
Taco: —=+2x <3 44 =L SHlx=0s .
2 2x x"—-8x=0 x=2
X

2

Dién tich cta hinh phang gi¢i han b&i cac dwong y=+2x, y= x?’ x=0, x=2 la:

2

x—z—@dxzf V% |ax - 1(2x)§—£3 22 (avan),
2 ) 2 3 6 6 3

0

2
.

Cau 7: Goi (H) 1a phin hinh phing dwoc giéi han béi db thi cia cdc ham s6 y=3x%, y=4—x va

truc hoanh. Dién tich ctia (H ) 1a bing bao nhiéu?

Lo giai

Traloi: 5,5

3x?

4—x
0

(H):

L e
Il

Xét phwong trinh hoanh d6 giao diém:

x4—x=0=x=4

*3x°=0<=x=0

2 x =1 (t/m)
* 3 =4-x & _
x:—4 (Loai)
3
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1 4 2
Dién tich hinh phang S(H) = _([3x2dx -+ J1.(4— x)dx = x3‘ + (4x - %J

1
0

1

Cau 8: Cho (H ) 12 hinh phang dworc té6 dAm trong hinh vé va duoc gidi han béi cac dwong c6 phwong

\ 10 2 _x khix Sl v A , B o v A
trinh y=—x-x", y= . . Dién tich cua (H) bang bao nhiéu.
3 x—2khi x>1
Loi giai
Traloi: 6,5
Ta co
YA
|1 N\
@ | 2 3\ 7
71 - —-==

ét —-x khix<1
ét: vy =
Y x—2khi x>1

limyzlim(x—Z):—l va y(l)z—l jiii{}y:y(l). Do d6 ham s6 lién tuc tai x =1.

x—1* x—1"

Dién tich hinh phang cn tinh la:

1 3
Szj.(gx—xz+x]dx+'[(£x—x2—x+2]dx.

0 3 1 3

1 3
= S= Ex—x2 dx+_|. Zx—x2+2 dx
3 I3
1 3 3
o L X oy

. 6 3

_B_ 6,5.
2
Cau 9: Cho tam giac vudng OAB c6 canh OA ndm trén truc Ox va AOB=« (0 <a< %] va B(u;b)

1

v6i a, b 1a cac s6 thuc thda a> +b” =1. Goi £ 1a khdi tron xoay sinh ra khi quay mién tam

gidc OAB xung quanh truc Ox .
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Tinh gia tri tan« khi thé tich ctia khéi 3 dat gia tri lon nhat. Lam tron két qua dén chir
s6 thip phéan thi 2.

Lo giai
Traloi: 1,41
bap so: J2.
Do OB di qua goc toa dd nén ta dat OB:y =kx vo&i k 1a s6 thuc dwong.

Do OB di qua B(a;b) :>OB:y=2x va tana=g.
a

a
a 2 a2 2.3
Khid(’),V:wJ.(éxj dx:wjb—zxzdx:”bf =T,
o\ 4 0 a 3a” |, 3
Ap dung bat ddng thirc Am - Gm:
3
2 2 2
szlzb4a2:l2b2b22azslz(b +h +2a) :4W2:V5@_
9 18 18 27 243 27

Ping thirc xay ra khi va chi khi b* = 22° = b =tana = \/E .
a

Cau 10: Trong chwong trinh ndng thon mdi, tai mot xa Y c6 xdy mot ciy cu bang bé tong nhw hinh

vé. Tinh thé tich khoi bé tong dé d6 da ciy cau. (Pwong cong trong hinh vé 1a cac duwong
Parabol)

0.5m 19m 0.5m
Loi giai
Traloi: 40
Chon hé truc Oxy nhuw hinh vé.
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Goi (Pl) :y =a,x’ +b, 1a Parabol di qua hai diém A(%;OJ,B(O;Z)

O=a 19 2+2 a __ 8 8
Nén ta c6 hé phwong trinh sau: <~ | 2 St 3613(131)33/:_ﬁx2+2-
2=0 b=2
Goi (P,):y =a,x* +b, 12 Parabol di qua hai diém C(10;0), D(O;Ej
O:az.(10)2+§ 4 =
A LA N ) 2 40 . 1,9
Nén ta c6 hé phwong trinh sau: < :>( 2).y———x +—=
5 5 40 2
Z=p, b,=>
2 2

Goi mit phang (P) vudng gbc voi truc Ox, thiét dién tao béi mit phang (P) v&i khéi

bétdng 1a hinh chir nhat c6 chiéu dai bang 5, chiéu rong bang

LB 8 o)l M el g5
pa) =L @07 2) e 14420 "2
x)=

——x"+—= , xe[—lO;—Q,S]u[Q,S;lO]

[ R
A s ;e dea s 14440 2
Suy ra dién tich thiét diénla S (x) =

1 ,.5 '
5(—4—03:2 +§j , xe[-10;-9,5]U[9,5;10]

10
Dodé V = [ S(x)dx.

-10

-9,5 _ 9,5 _ 10 _
Vay V = I 5-[—13(2 +§jdx+ _[ 5-( 41 x’ +1jdx+ I 5-(—]'3(2 +§jdx: 40.
o\ 40 2 s (14440 2 g5 \40 2

45



Cau 11: Cho hinh phang (D) dwoc gi¢i han béi cac dwong y = X +2x+2; y=6-x,y=2va (D)
nim ngoai Parabol y = x’+2x+2. Khi cho (D) quay quanh truc Ox, ta nhan dwgc vat
thé tron xoay c6 thé tich V = %r, trong dé a,b 1a cac s6 nguyén dwong. Gia tri biéu thirc
P =a-2b” bing bao nhiéu.

Lo giai
Tra loi: 73

\yﬂ

1§
T
1

Y
Y
4L

0
Vé cac duong y=x"+2x+2; y=6-x; y=2.

Dwa vao hinh vé ta cé:

1
V:’]TI

0

dr— 523w

(x2+2x+2)2—22

dx+7rjl (6—x)2—22
1

=a=523,b=15

Vay P =523-2.15* =73,
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