CHUYEN PEV — TOAN - 11 — GIO1 HAN - HAM SO LIEN TUC

GIOI HAN
HAM SO LIEN TUC

| CHUONG |

BAI 15: GIGI HAN CUA DAY SO

@ LY THUYET.

1. GIOI HAN HUU HAN CUA DAY SO

Ta n6i rang déy sb (u,) co gidi han Ia 0 khi n dan téi duong vo cuc, néu |u,| c6 thé nhé hon
mot s6 duong bé ity ¥, ké tir mot s6 hang nao do tro di.

Kihiéu: limu, =0 hay limu, =0 hay u, -0 khi n — +oo.

n—+wo

Tandi day s6 (v,) c6 gidi han la a (hay v, dan téi a) khi n— +o0,néu lim (v, —a)=0.

N—+c0

Kihiéu: limv, =a hay v, > a khi n — +co.

nN—-+oo

Tir dinh nghia ta c6 cac két qua sau:
a) limu =0< I|m|u |=0; hay lim0=0;

N—+o0 nN—+w0

b) limL-0; ||mi=o(k>o,keN) lim ——=0; lim =—

1 _o:
N—+o0 n N—+o0 n ' N—+o0 ,\/_ n—+o0 ,\/_ !
c) limg" =0 néu |q|<1;
d) Cho hai ddy s6 (u,) va (v,)

Néu |u,| <V, véimoi nva limv, =0 thi limu, =0.

n—+o0 n—>+oo

2. PINH LI VE GIOI HAN HUOU HAN CUA DAY SO
a) Néu limu, =a va limv_=Dbva c la hang s6. Khi d6 ta c6 :

0 lim(u, +v,)=a+b e lim(u,-v,)=a-b

0 lim(u,.v,)=ab e |im“—n=%,(b¢o)
Vn

0 lim(cu,)=ca. o lim|u,|=[a| va limglu, =¥/a

1) Néu u, >0 véi moi n thi a>0 va lim Ju, =+/a.

b) Cho ba day sé (u,),(v,) va (w,). Néu u, <v, <w,,(vn) va limu, =limw, =a,(aeR) thi
limv, =a (goi dinh Ii kep).

¢) biéu kién dé mot day sb tang hoac ddy sb giam c6 gidi han hitu han:
[ Mot day sb tang va bi chan trén thi c6 gigi han hitu han.
[ Mét day sb giam va bi chan dudi thi c6 gigi han hitu han.
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K¥ nang sir dung may tinh

Tinh limu, thi nhap u_va an phim CALC n=10".

n—oo

3. TONG CUA CAP SO NHAN LUI VO HAN

Céap s6 nhan vo han (u,) c6 cong boi g, véi |g| <1 dugc goi la cap s nhan IUi vd han.

Téng cua cap s6 nhan 10i vo han: S =

4. GIO1 HAN VO CUC CUA DAY SO

U

1-q

« Tandi ddy s (u,) c6 gisi han 1a +o0 khin — +o0, néu u, c6 thé 16n hon mét s6 duong bt ki,

ké tir mot s6 hang nao do tré di.

Ki hi¢u: limu, =+o0 hay u, — +oo khi n — +oo.

- Day sb (u,) 6 gi6i han 1a —o khi n— -+, néu lim(-u, ) = +oo.

Ki hi¢u: limu, =—oo hay u, - —o khi n — +oo.

Nhan xét: u, =+ < Iim(_un ) — —op,

Mot vai gi¢i han dac biét

Ta thira nhan céc két qua sau

a) limn* =400 v6i k nguyén duong;

b) limq" =+ néu q>1.

Quy tic tinh giéi han vo cuc

AT T s U
a) Neu limu, = a va limv, =+oco thilim—=0.

Lo , X S u
b) Néu limu, =a>0, limv, =0 va v, >0,¥n>0 thi lim— =+,
¢) Néu limu_ =400 va limv, =a >0 thi limu_ v, = +o.

Quy tdc tim gigi han tich lim(u,.v, )

Néu limu, =L,limv, =+oo(hay—o0). Khi dolim(u,v,)

Vv

n

limu, =L limv, lim(u,v,)
+ +00 +00
+ —0 —00
- +00 —00
- —00 +00

V

n
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Quy téc tim giéi han thwong lim 2o
v

limu, limv, DAu clia v, Iim:J/—n
L to0 Tuyy 0
0
L>0 5 -
0 _
L<O0 0 +z

Nhan xét: Ta thwong dung quy tic giéi han tich trong bai toan giéi han vo cuc cia day sb.

TOM TAT CAC GIO1 HAN PAC BIET

Giéi han hiru han

Giéi han vo cuc

1. Gidi han dac bigt:

lim L20; lim — =0 (kezZ")

n—+oo N n—+0 nk

lim ¢" =0 (|q|<1) ; nliTooCZC

n—>+00
2. binh Ii:
a) Néu lim u, = a, lim vo = b thi
elim=a+b
elim=a-b
elim=ab
a

u
o lim—=t=—

vi’l

b) Néu un >0, vhva lim us=a

thia 20valim \fu, =Va

¢) Néu ‘un‘£vn,\7hvalim Va=0
thi limu,=0

d) Néu lim un = a thi lim |u, | =ldl

3. Téng cria cdp sé nhan Ii vo hgn

!

S=u+uwg+ug+..=— (|q|<1)

l-¢

1. Gidi han dac biét:

lim+/n =+ ; limn* =+ (keZ")

limg" =+ (g >1)
2. Dinh li:
I T |
a) Neu hm‘un‘:+oo thi im—=20

u,

7 - - Y - u
b) Neu lim un = a, lim vy = #oothi lim— =0

vl’l

¢) Néu limun = a =0, limva,=0

o..ou +00 néu av. >0
thi lim 2 = { n

v —0 néu a.v, < 0

d) Néu lim up = +o0, limva = a

- 40 néua>0
thi lim = ”
—00 néu a<0
* Khi tinh gidi hgn c6 mét trong cac dang vo
dinh: &, co— o0, 0.c0thi phai tim cach kha
0 o
dang vo dinh.
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@ HE THONG BAI TAP TU LUAN.

DANG 1: CHUNG MINH DAY SO CO GIO1 HAN 0
Phuwong phdp gidi: Dé chimg minh limu_=0 ta chang minh véi mdi s6 a>0 nho tly y ludn ton tai mot

s6 n, sao cho |u [<a Yn>n,.

Caul: Chang minhrang lim—— =0
n°+1
A2

Cau2: Ching minh rang im31 N _g
n+2

2n+l - 3n+l

DANG 2: TIM GIGI HAN BANG 0 CUA DAY SO
Phwong phdp gidi: St dung dinh nghia giéi han 0va cac gidi han dac biét dé giai quyét bai

: -1)"
Cau 3:  Chang minh rang Iim{( ) 1 J:O

toan.
Cau4: Chodayso (u,) véiu, = “n+21 . Tinh limu,
n+

Cau5: Chodayso (u,) véi u, =(=0,97)". Tinh limu,

_ n+2sin(n+1)

Cau6: Chodaysé (u,) véi u =—————_ Tinh limu,
yso () n¥n+23n
Cau7: Chodayso (u,) véi u, =vn’+1—n. Tinh limu,
o3 2
Cau8: Chodayso (u,) véi u, =w. Tinh limu,
n*+4n°+n
. . . . » (_l)n .25n+1 ] )
Cau9: Choday s6 (u,) véi u, = Tinh limu,
. —5)" +4"
Cau 10: Cho day so (u, ) véi u, :(+. Tinh limu,
(=7) +4™
2
Cau11: Chodaysé (u,) véi u, =YL 10 timy,

n.3
Cau 12: Cho day s6 (u,) véi u, =n+2-n. Tinh limu,
4n*+1-2n

) Vn®+4n+1-n

1+2+3+4+...+n

Cau 13: Cho ddy s6 (u,) véi u

. Tinh limu,

Cau 14: Choday s6 (u,) véi u_ = . Tinh limu
o (u) " (1+3+32+33+...+3”).(n+1) "
Cau 15: Cho day so (u,) véi u, = 1 1 . Tinh lim(u, -1)
W2+2d1 2J3+342 n/n+1+(n+1)Jn
. -1)"
Cau 16: Dung dinh nghia day s6 c6 gii han 0 tim limu_ véi u, =%.
+
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yn!

Jniion

Cau 17: Dung dinh nghia diy s6 c6 gigi han 0 tim limu, véi u, =

2n\/ﬁ+l

Cau 18: Choday sé (u,) véiu, = ——————_ Tinh limu,
yso (un) n?+2Jn-3

Cau 19: Cho day s6 (un)véiunzlgé--.zn_l
246 2n

. Tinh limu,

1+cosn®

Cau 20: Dung dinh nghia diy s6 c6 giéi han 0 tim limu,_ véi u, = 3
n+

n++n®+1

Cau 21: Cho day so (u,) véiu, = —= . Tinh limu,
. . 1357..(2n-1) __, . .
Cau 22: Cho day so (u,) véiu, = ( ) . Tinh limu,
2.4.6..2n
u =1

Cau 23: Cho ddy so (u,) dugc xac dinh béi: ) Tinh lim(u, —2)

1 «
U, =u+—,neN
n+1 n 2n (
3 ) 7 . ] P(n) , . L
DANG 3. TINH GIOI HAN CUA DAY SO (u,) c6 u, = M) (trong d6 P(n),Q(n) la cac da thuc cua
n
n)
Phwong phdp giai: Chia tir va mau cho n* véi n* 13 lity thira ¢6 s6 mil cao nhét cua
P(n),Q(n) , sau d6 ap dung cac dinh 1i vé gidi han hiru han

2 - N
Cau 24: limu,, véi u, =w bang:
_ 2
Cau 25: Tinh gidi han lim .+ 1*+2
2n°+n+1
n4
Cau 26: Tinh giai han lim >
(n+1)(2+n)(n*+1)
A R . 2 3 1
Cau 27: Tinh gisi han lim(2n+1)"| — -=
n“+2n n°+3n-1

DANG 4. TINH GIOI HAN CUA DAY SO (u,) ¢6 u, =% (trong d6 P(n) va Q(n) la cac biéu

thirc chira can cua n.
Phwong phap gidi

() Panh gia bac cua tir va va mau. Sau do, chia ca tir va may cho n* véi k 1a sé mii 16n nhat cua
P(n) va Q(n) (hogc rat n* 1a lity thira Ién nhat caa P(n) va Q(n) ra lam nhan t. Ap dung
cac dinh Ii vé gigi han dé tim giéi han

v2n+1

\/ﬁ+1 '

Cau28: Tim lim
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J2n+2-Jn
—\m .
I +n
3n+2

N2n+1-+/n+3

4n-5
4n° +3-2n+1
JnZi2n+3n
JonZ+3n
2n+1—-+n*+2n-4
3n+yn?+7
NAn* +3-2n+1
n(ﬁ—Zn) '
J4n? —1+3/8n* +2n? -3
Ji6n2+4n—4n‘+1
DANG 5. NHAN VOl MOQT LUOQNG LIEN HQP

Cau29: Tim lim

Cau 30: Tim lim

Cau31l: Tim lim

Cau32: Tim lim

Cau 33: Tim lim

Cau34: Tim lim

Cau 35: Tim lim

Cau 36: Tim lim

Phwong phap gidi
[1 Str dung cac cdng thirc nhan lién hop.
a_b_aZ_bZ
" a+b
« a’—b*=(a+b)(a-h)—> 2 p2
a+b=
a-b
° a_b:ﬂ ° a+b:ﬂ
a’+ab+b? a’—ab+b?
3 3 2 3 2
N (D R e I
2 2 h
(3/5) +3ab+b? (%/5) +3ab+b?
3 3 2 3 2
. %b:(@b)[(@) _3fab+b L .
2 2
(%/5) —3ab+b’ (%/5) —Yab+b?
3 2 3 3 2
. a_%:(a—\/g)[a cadbe($h) |

a2+a.3b+(§/5)2 :a2+a.3b+(§/5)2
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Céu 37:

Céau 38:

Cau 39:

Cau 40:

Céu 41:

Céau 42:

Cau 43:

Cau 44:

Céau 45;

Cau 46:

CHUYEN PEV — TOAN - 11 — GIO1 HAN - HAM SO LIEN TUC

(a+€/5)[a2—a.3 b+(§/5)2} i

a’+b

T b (B a—athe(db]
(oo

(¢fa-+4b) (/) ~¥aib+(¢b) |

. g/a_+_$/’_ _ a+b

Tim |

Tim |

Tim |

Tim |

Tim |

Tim |

Tim |

Tim

Tim

Tim

(o b (48] dadb (B

m(\n 3+
im(
m(m_n)
im(
(
(
m(r

8N° +4n° +2 — 2n+3).

w

lim(n+3/4n? n3)

lim \/4n +3n+7 — \/8n +5n? +1)

frnt4l- \/n +1)

\/n +N-n

Jan? 43n—2n

2n—+/4n* +n
n+3an?—n®

Iim(2n—\/9n2+n +\/n2+2n).

lim

lim

Cau 47: Tim Iim(\/n2 —2n +2¥n? —8n® +3n? +n).

DANG 6 u, =

Cau 48: Tim Iiml_z
Cau 49: Tim lim

Cau50: Tim Ilmf1

P
Q(n

(n

n

g (trong @6 P(n) va Q(n) la cac biéu thirc chira ham mi a",b", ¢

Phwong phdp gidi: Chia ca tir vd mau cho a" trong d6 a 1a co s6 16n nhat.

n

1+ 2"

n

23" +4"
4n
-3
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Cau51: Tim Iimﬂ.
5.4" +6.5"
3-25"
7+35"
43"+ 7"
25"+7"
m 4n+2+6n+1 |
5"+ 2.6M3
2" —3" +4.5"?
2n+l+3n+2 +5n+1 '
2" 3" 45"
2n+l+3n+2 +5n+1 '
2" 43" 43
"mw_
24" +3.5"
Cau59: Tim Iimu.
(_2)n+1 4+ 3m
(\/g)n —2™ 41
5.2" +(\/§)n+1 -3
" 43" 422"
37" 3" 42272
™ 43" 42"
52" —43" 42"

Cau52: Tim lim

Cau53: Tim lim

Caub54: Tim li

Caub55: Tim lim

Cau56: Tim lim

Cau57: Tim lim

Cau58: Tim

Cau 60: Tim lim

Cau6l: Tim lim

Cau 62: Tim lim

(_ )n 5n+l
Cau 63: Tim lim~—~——.

35n+2

Cau 64: Tim Iim(1+i2+i3+...+ij.
5 5° 5 5"

1 1 1 (_1)n+1
Cau 65: Tim lim §+(—Zj+—+...+ .

8 2"
11 1
I+ -+ —+.+
Cau66: Tim lim—2—4 2
11 1
I+ 4+ +.+
3 9 3"

1+2+22+28 ..+ 2"
1+3+32+3F+..+3"

DANG 7: Déy s6 (u,) trong d6 u, 1a mét tong hodc mét tich cia n sé hang (hogc n thira sé)

Cau 67: Tim lim

Phwong phdp: Rt gon u,, rdi tim limu,, theo dinh i hoic dung nguyén 1i dinh Ii kep dé suy ra

limu,
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[ Cho hai day s6 (u,) va (v,). Néu |u,|<v,,¥neN" véi limy, =0 thi limu, =0.

(1 Cho 3day s6 (x,), (V,). (z,) vasdthuc L. Néu x, <y, <z, va limx, =limz, =L thi

Cau 68:

Cau 69:

Cau 70:

Cau 71:

Cau 72:

Cau 73:

Cau 74:

limy =L.

Tinh gi6i han lim| —+—+...+ L

1.3 35 ( -1)(2
1
n2

n+
Tinh gidi han li !

Inh gié1 han lim 1—2—2 1- | 1=
Tinh giéi han lim| —~ + +—]
' Jante1 \/4n 12 +4n2+n
135.7..(2n-1)

2456...(2n)

3sinn—4cosn
2n? +1

Tinh gidi han lim

Tinh giGi han lim

. sin(n!) .
lim n2(+1) bang
ﬂ bé‘ing
n(n+1)

lim

DANG 8. u, cho bing cong thirc truy hdi

Cau 75:

Cau 76:

Cau 77:

Cau 78:

Cau 79:

Céau 80:

Phwong phdp gidi: Tim cong thirc s6 hang tong quat caa u, roi st dung cac phuong phép tinh
gidi han day sé.

1
U]_:E
Tim limu, biét (u,): 1
n+1_ 1n_112$31
_un
u, =2
Tim limu_ biét (u_):
o bict (uy) o =9t 103
u=1u,=3

Tim lim2 biét (u, ): :
n U,.,=2U,,,—-U +1,n=123,..

. (un):{ulzlu =6 |
u,,=3u.,+2u,n=123,..

n+l
u =1
Tim limu, biét (u,) c6 gi6i han hitu han va (u, ): _2u,+3

n+l —

,n=123,..

u,+2
u =2
=J2+u,, n=1,23,..

Tim limu, biét (u,) c6 gi¢i han hitu han va (un):{
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2(2u, +1)

Cau 81: Cho ddy s6 (u,) duge xé4c dinh bdi u, =1, u,,, = v6i moi n>1. Biét day sb (u,)co

u,+3
gi6i han hitu han, limu_ bang:

Cau 82: Cho sb thap phan vé han tuan hoan a=2,151515... (chu ky 15), a duoc biéu dién dudi dang
phan s6 tdi gian, trong d6 m,n 1a cac sé nguyén duong. Tim tbng m+n.

Cau 83: Sé thap phan vo han tuan hoan 0,32111... duoc biéu dién dudi dang phan sb tdi gian %, trong

d6 a,b la cac s6 nguyén dwong. Tinh a—b.
DANG 9: GIO1 HAN CUA DAY CHUA PA THUC HOAC CAN THEO n

Phwong phap: Rut bac 16n nhét cua da thuc lam nhan tir chung. ( T riéng, mau riéng).
Cau 84: Giatricua lim(n*-2n®+3) la.
Cau 85: Giatricua lim(-2n°+3n-1) la,
Céau 86: Giatri cia lim(-2n? +4) la.
(

Cau 87: Giatricua lim{2n—+/n®*+2n— 2) la.

Cau8s: Giatri cua lim 20 +2 5,
n°+2
_ _(2n-1)(3n*+2)
Cau 89: Giatricuaa lim : 3 la.
-2n° +4n° -1
2 / 4 _
Cau 90: Giatricua Iim3n 2n +3n-2 la.
4n—~/3n2 +2

Cau 91: Iim(n2 —n\/M) bang.

Cau 92: Choday s6 (u,) xac dinh u, =0, u, =1, u,, =2u, —u, , +2 Vi moi n>2. Tim gi¢i han cua
day sb (u, ).

DANG 10: GIO1 HAN CUA DAY CHUA LUY THUA BAC n
Phwong phap: Rut co s6 16n nhat cia da thie lam nhan ti chung. ( Tt riéng, mau riéng ).

Cau 93: lim(5"—2")béng.

Cau 94: lim(3.2"* ~5.3"+7n)béng.

Cau 95: Giatri cua I|mﬂ la.
6.7" +8"
3+ +3F+...+3"

1+2+2% +..+2"

<‘> BAI TAP TU LUAN TONG HOP.

2n°-2n+3
1-4n®

Cau 96: Giatricuaa lim

Cau 97: Tim gidi han sau lim
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Cau 98:

Cau 99:

Cau 100:

Cau 101:

Cau 102:

Cau 103:

Céu 104:

Céu 105:

Céau 106:

Céau 107:

Céau 108:

Céau 109:

Céau 110:

Cau 111:

Cau 112:

Céau 113:

Cau 114

Céau 115;

Céau 116:

Cau 117:

CHUYEN PEV — TOAN - 11 — GIO1 HAN - HAM SO LIEN TUC

Jnt+2n+2
n’+1
n+1_4n

n’+1

Tim gidi han sau |im
Tim gidi han sau lim

Tim gidi han sau lim
n?—2n+3

142422 +.. 42"
1+3+3%+..+3"
(2n? +1)' (n+2)’

r]17

Tim gidi han sau lim

Giatri cua L=1lim bang

+1
5n® —3an*
>
(1-a)n*+2n+1

Tim tat ca cac gia tri cia tham s6 a dé L =lim

. . . 2-5m2
Két qua cua gidi han lim———— bang:
q g ' 3"+25" 9

an®+5n* -7

Biét ring limX—————" =h/3+c Vi a, b, ¢ 1a cic tham sé. Tinh gia tri cua biéu thuc
\3n°—n+2
P:a;C.

Tim giéi han sau lim(y n’ —4n —n)
Tim gi6i han sau lim (\3/211—3113 +n—1)
Tim gi6i han sau Iim(\/n2 +2n —n)
Tim gidi han sau lim(\/n2 +4 +\/n2 —3)

\4n® +1-n—1

\/n2+4n+1—n
Gia tri cua giGi han Iim(\/n+5—\/n+1) bang:

Gia tri cia gioi han Iim(\/n2 -n+1- n) la:

Gﬁuiamgmnmnnm(¢f+2n—JM-2n)m:

Tim gidi han sau lim

: C6 bao nhiéu gia tri cua a dé Iim(\/n2 +a’n —\/n2 +(a+2)n+1) =0.

C6 bao nhiéu gia tri nguyén cua a thoa Iim(\/n2 -8n —n+a2) =0.

Cho day sé (u,) voi u, =vn?+an+5-+n*+1, trong d6 a Ia tham sb thuc. Tim a dé

limu, =-1.

Tinh lim n(\/4n2 +3-38n® + n)
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Cau 118:

Céau 119:

Céau 120:
Cau 121:

Cau 122:

Cau 123:

CHUYEN PEV — TOAN - 11 — GIO1 HAN - HAM SO LIEN TUC

Tinh gigi han cua day s6 L = Iim(\/n2 +n+1-23n*+n2 -1+ n).:

Tinh tong cua cdp s6 nhan IUi vo han's :1—%+%+....
Tinh tong ciia cap s6 nhan Ui vo hang =442 -1+....

Téng cua cap s6 nhan 10i vo han s =1+i+i+...+2—1n+... c6 két qua bang:

22
2 (2Y 2
I+ -+ - | +..4| =
5 \5 5
RERH
I+—+| = | +...4| =
4 \4 4

Cho hinh vudng ABCD c6 d6 dai al. Ta ndi tiép trong hinh vudng nay mét hinh vudng tht 2,
c6 dinh 13 trung diém cta cac canh cta nd. Va cu thé ta noi tiép theo hinh vé. Tinh tong chu vi
cua cac hinh vuéng do

Tinh gidi hanlim
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